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PREFACE

MosrT of the existing text-books on Co-ordinate Geometry
are written for the mathematical specialist, but there are
many students, such as Engineers and Army candidates,
who require only a working knowledge of the principles
of elementary analysis and an acquaintance with the
more important properties of the Conic Sections: this
book is intended primarily to meet the needs of the
latter class but it is hoped that it will prove suitable as
a first course for those who are likely to study the subject
more thoroughly afterwards.

In the early- part of the book the use of formule is
avoided, and methods are illustrated by numerical
exapples: at a later stage the proof of a formula is
preceded by a numerical example in order to make clear
the distinction between variables and constants, and to
cultivate the power of solving problems even when the
suitable formula is forgotten, Simple locus problems
"are frequently introduced,

Sufficient explanation of the methods and notation of
the Calculus is given ty enable the student to use it
for finding gradients; he is thus enabled to deal at an
early stage with curves which are not Conics.

Chapter X. contains, in addition to the usual equations
for the plane and straight line in three dimensions, a
short account of some of the more important curved
surfaces.

) v



vi PREFACE

The omission of such topics as Poles and Polars, Con-
jugate Points, Coaxal Circles, Harmonic Properties, has
considerably narrowed the range of the examples, but
every effort has been made to supply questions of an
interesting type to illustrate the more straightforward
applications of the subject.

Crirron,
December 1920,
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CO-ORDINATE GEOMETRY

CHAPTER 1

Sign Convention.

The operations of addition and subtraction can be repre-
sented graphically in the following way :—

Suppose we require to show that 6+2=8, we take any
convenient length to represent one unit and mark off 6 of
these lengths along a line starting from a point 0, thus oA
represents 6 units. Proceeding in the same direction from

) o A B
Fia. 1

A ye mark off two more units, AB, and obtain 0B=8
units.

1f, however, we wish to show that 6—2=4, after mark-
ing off 6 units to the right from O we must now reverse the

o T8 A
Fia, 2
direction and mark off 2 units to the left from A, thus

reaching B, where OB=4. If after marking OA=6 we
mark off 8 units to the left, we arrive at a point B’, 2 units

— .

B 0o /A
F1a. 3
to the left of 0, and since 6—8=—2, it follows that 0B’
represents —2.
1



2 CO-ORDINATE GEOMETRY

Similarly, if we mark off positive units in the direction
0D, we must represent negative numbers by moving
in the opposite direction OE, so that if OD repre-
sents +5, then O E represents —3. -
If we take two axes, OX and OY, at right
angles to one another it has been agreed that the
directions OX and OY shall be considered the
positive directions. This agreement is called the
B sign convention.
Fio.4 It has been shown that oX’ and oY’ wil

D

(o]

Y
P
x__lo l X
l N
Yl
F1c. 5

necessarily be the directions for representing negative
numbers.

Co-ordinates.
If, through any point P on the paper, we draw a line
oy parallel to the axis OY,
P cutting 0X at N, we know
P  the position of P when we
x " In' lo N"'I x know ON and NP. These
N lengths are called the co-

N
P"]' ‘{ ordinates of the point, ON
s p” is called the abscissa and
NP the ordinate.

The X co-ordinate (ON)
or abscissa is always stated first, thus the co-ordinates
of P are (3, 1), and of P’ (—1, 2), of P" (—2, —1), of
P (2, —2).

The co-ordinates of 0, called the origin, are (0, 0).

F16. 6



CO-ORDINATE GEOMETRY 8
Length of a Line joining Two Points. .
Let the co-ordinates of P be (2, 2) and of @ (5, 3).
v Q
R

0

0
Fia. 17
If through P we draw PR parallel to 0 X we see from the
figure that PR=3 and RQ=1.
5 PQ=y/311Ti=v/10
If Pis (—3, 2) and Q is (4, —3), we see from a figure if QR

P Y
x\ o, x
R ) Q
Y
F1. 8

is dzawn parallel to 0 X that QR=T and PR=5.
Hence PQ=+/49125=vT4

Co-ordinates of a Point dividing a Line in a Given Ratio,
Let P (1, 2,) @ (4, 3) be two points. It is required to

\'e
Q
T _—1
P11
S| v
ol 1 . i
M RN
"li"rr-Q




4 CO-ORDINATE GEOMETRY
find the co-ordinates of T which divides PQ in the ratio

To 1
Let (z y) be the co-ordinates of T. From the figure we
have the similar triangles TSP, QVP, where T8=y—2,
PS=z—1, Qv=1, VvP=3.

TS TP 2
-2 2 .
s.e. yl =3 Sooy=2%
Also sP TP 2 . a:—l___g - z=3

W:»Q——P-=3 v.e. ‘3———3 .
.. co-ordinates of T are 3 and 23

EXAMPLES I

1. State the distance between the following pairs of points on

the axes :—
z,=3, 2p= —2; ;= —5, T,= —2; y,=H, y,= —3

2. Find from a figure the distance between P and Q in the
following cases:—P (3, 1), @ (1, 2); P (=3, 1), @ (1, 42);
P (-3, —1), @ (—1, 2)

8. From a figure find the co-ordinates of the mid point of
the line joining PQ in the following cases :—P (1, 2), @ (3, 6);
P(—1,2), 9 (3, 6).

4. Plot the graphs of the lines (i.) y=3z; (ii.) y=3z+2;
(iii.) y=3xz—2. What connection is there between these three
lines ?

5. Prove that the triangle ABC is isosceles given A (1, 4),
B (4 1), C (8 8). .

8. Prove that the points (—4, —2) (2, 0) (8, 6) (2, 4) are the
angular points of a parallelogram.

7. Find the distance of the point P whose co-ordinates are
(z, y) from the point (0, 1). If this distance is equal to 4, find
the relation between z and y.

8. Write down the distance of the point P (z, y) from
A (—2, 0) and from B (2, 0). If PA=PB, find the relation
between z and y. Explain your result.



CO-ORDINATE GEOMETRY 5

9. The angular points of a triangle are A (—2, 0), B (0, 4),
€ (2, 0). If D is the mid point of BC, find the length of AD.

10. Find the lengths of the medians of the triangle A (2, 0),.
® (4, 4), C (6, 2).

11. Find the co-ordinates of the centroid of the triangle
A (0, 2), B (3, 5), € (5, 1). (The centroid @ divides the medians
in the ratio 2 : 1 measured from the vertices.)

12, Write down the distance of P (z, y) from the point
(2, 0). If this distance equals the distance of P from the Y
axis, prove that y?=4 (z—1).

Plotting Graphs.

The student is probably familiar with the process of
plotting the graph of an equation such as y=z—2, but as
it is important to have a clear idea of what is being done
we will consider the process in detail.

Taking various values of z, say from —2 to +3, we
caloulate the corresponding values for y and obtain the
following table :—

oo loi] o] i]e]s]
IR

We now take each pair of values as the co-ordinates of a
point—e.g. P, (—2 —4), Py (—1, —3), etc., and plot these
points on squared paper.

[ g
X o . X
/
|:l2 3
4 ,
Y

Fie. 10



6 CO-ORDINATE GEOMETRY

Joining up the points we get a straight line called the
graph of the equation.

Note.—(i.) The corresponding values for z and y in the above tabl
satisfy the given equation.

(ii.) The co-ordinates of ANY point on the graph will satisfy the
equation—e.g. if we take the point P, on the line we see from the
graph that its co-ordinates are (4, 2), and z=4, y=2 satisfy the
equation y =z —2.

{iii.) In the equation y =z —2,  and y represent the co-ordinates
of any point on the graph, and the values of these co-ordinates satisfy
the equation.

Graph of y=z2
Taking values of z from —3 to 43 we obtain the following
table :—
T l -3 l -2 l -
v| o] ¢

1 | 0 l 1 ! 2 | 3 l
Vo]
We now plot the points whose co-ordinates are (—3; 9)
(—2, 4), etc., and obtain the curve in Fig. 11.
Notice again that the co-ordinates of any point on
this graph satisfy the relation y=z?, e.g. the co-
ordinates of P are ON=1-5
and PN=2-25; also PN=0ON?
for 2.25=(1-5)%.
P ‘We therefore arrive at the
definition of the Egquation of
X a Curve as the relation be-
tween the co-ordinates z and
y of any point on the curve.
This definition should be carefully remembered.
In co-ordinate geometry we are given the law to be
obeyed by a moving point and we are required to find the
equation of the curve desoribed by the point which moves,

Y

0 N
Fia. 11



CO-ORDINATE ‘GEOMETRY 7

according to this law. The path of the point is known as
its Locus.

[ 9 .
Gradient of a Straight Line.

P Q R are three points on a straight line whose ordinates
are PN, OM, RS respec-

. . R_~
tively. Thegradientof the
line meansgli.:he increase Y p Q/ :
in the ordinate for unit M, 5
increase in the abscissa.

In passing from P to
©Q the ordinate increases o N M s X

by @M, while the abscissa
increases by NM=PM,,

.. increase of ordinate for unit increase in abscissa

_am,

T PM,

Fi1e. 12

=gradient of the line

If we travel from P to R the gradient is ;:—‘, which by
1

)
similar triangles equals %g—‘, and it is clear that the gradient
1

is constant for all points on the line.

If the units on both axes are of the same length this
ratio represents the trigonometrical tangent of the angle

"between the line and the positive direction of the X axis.

When plotting values showing the relation between
physical quantities it is gften convenient to take different
lengths for units on the two axes—e.g. when plotting values
satisfying v=32¢, where v is the velocity in ft.-sec. and ¢
the time in secs. we might take 1 division along OX to
represent 1 sec. and 1 division along OY to represent 10
ft.-sec. In co-ordinate geometry it is necessary to have the
same units on both axes if we are to draw the correct shape
of a curve. —
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Equation of a Straight Line.
(1) Pas.;ing through the Origin.—Let the gradient of the

s

Fia. 13
required line be 2 %> we have to find the relation between z
and y, the co-ordinates of any point P on the line.

Take any point P (z, y) on the line. The gradient is%

and this has to equal 2

o 3 gory g is the required equation
Similarly 1f the gradxent is to be m we have for the

equation y=mz.

N.B—Iif we plot out all the points for which =0 we get the line
OY and if we plot all the points for which y =0 we get the line OX
.". the equation of OX is y =o0 and of OY it is z=o0

(2) Not passing through the Origin.—Let the gradient of
the straight line be :2,-’ and the intercept it makes on OY

be 1.
Let P (z, y) be any point on the line. Through R draw

1Y P~
i 1
R S
K | . x
(o] N




CO-ORDINATE GEOMETRY 9
RS parallel to 0X. The gra.dieni: of the line is .—:'%=¥%L

«This has to equal 5-

s y_;_l.__g or y———+l is the required equation
If we plot the position of all points for which z=2 we get
a straight line parallel to 0Y. Hence the equation z=a
when a is & constant, represents a straight line parallel to
oY. Similarly y=>b will represent a straight line parallel

to O0X,

Equation of a Circle.

(1) Centre at the Origin.—Let 2 be the radius of the circle.
We have to find the relation between z and y, the co-
ordinates of any point P on the circle. The condition to be

Y Y

Fia. 16 "Fie. 16

satisfied is that P must al.ways be at a distance 2 from the
centre O,
Now OP2=2%+4y? and OP2=4
.. #*+y?=4 is the required equation
N.B—It is convenient to take P so that z and y are both
poditiye,

(2) Cenire at the Point (3, 1).—Let P (z, y) be any point
e
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on the curve, then from the figure PR=y—1,and CR=2z—3,
Also cP=2,
', CP*=(z—3)'+(y—1)*=4
& (z—3)2+(y—1)2=4 is the required equation

Equation of a Parabola.

A parabola is a curve described by a point which moves
so that its distance from a fixed point equals its distance
from a fixed line.

The equation will depend on the position of the fixed
v point and line with reference
P to the axes 0X and OV,

T Suppose we take 0Y to be
¥ the fixed line and take 8 the
1 fixed point on OX at a dis-
tance 2 from 0.
Let P (z, y) be any point on
Fro. 17 the curve, then if PM is the
perpendicular on OY we are given that SP=PM.
Now 8N=z—2 and PN=y,
P’=(z—2)+y%. Also PM=z
S (2—2)24yr=22 *
S yi=4zx—4=4(z—1) is the required equation

M

(o) S

v

Do

EXAMPLES II

Find the equations of the locus‘of P (z, y) in the following
cases :—

1. Distance of P from the Y axis=2.

2. Distance of P from the origin =4.

3. Distance from X axis is twice its distance from the Y
axis.

4. Distance from the origin equals twice its distance from
the Y axis,



CO-ORDINATE GEOMETRY 11
5. Distance from (1, 2) equals. fwice its distance. from ‘the
X axis.
8. Distance from (—1, 2) equals its distance from (4, 4).

.7. Distance from origin equals twice its distance from
2 1)

8. Distance from the point (1, 2) equals 3.

9. Distance from (1, 2) equals its distance from the line
r=—2.

10. Distance from (2, 2) equals its distance from the line
y=4.

11. The sum of its distances from OX and OY=2.

12, Distance from (—1, 0) is to its distance from (41, 0)
in the ratio 2:1.

13. The sum of the squares of its distances from (3, 0) and
(—3, 0) equals 68.

14. Distance of P from (8, 0): distance of P from (2, 0) in
the ratio 2:1.

15. Find the equation of a line making an intercept of —2
on OX and 43 on OY.

16. "Find the equation of the line through the origin with
gradient :ii

17. Find the equation of the line having a gradient% which
makes an intercept of 1 on the ¥ axis.

18. Find the equation of a line having a gradient % which
makes an intercept of 2 on fhe X axis.

Equation of a Line.

(1) Having a Given Gradient and passing through a Given
Point.—Let the gradient bo ; and the given point be A
@,9).
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8. Find the points of intersection of the following:—
(i.) 2z+y—4=0, z—y+2=0; (i.) z-+y=1, 23+yP=4; (ii.)
y=2z, y*=4z.

4. Find where the line through (3, 4) whose gradient is 2 odts
the line 3z+y-1=0.

8. Find the equation of a straight line through (2, 1) parallel
to y=3x.

6. Find the equations of the lines joining the origin to the

9
points where the curves g’=;z and z®+4y?=25 intersect.

7. Without drawing a figure, determine which of the following
points are on the line 2z+y=4 :—(1, 0), (1, 3), (2, 0), (3, —2),
(0, 3).

8. Without drawing a figure; determine which of the follow-
ing points are on the curve y’=2(z—2):—(0, 2), (—1, 0),
4 2), (11, 3).

9. Find whether the point of intersection of z—2y-4=0
and 2z+y+6=0 lies on the line z-+4y-+1=0.

10. Find the equation of the line joining the points of
intersection of 2z+4y=4 with 2—y+1=0 and 2s—y—1=0
with z+y—8=0.

11. The line 2x+y+4=0 cuts the X axis at A. Whatais the -
ordinate of A? Find its abscissa. Find the co-ordinates of
B where this line cuts OY.

12, Find the co-ordinates of the points where the line
joining P (2, 1) Q@ (4, 3) cuts the two axes.

18. The line AB whose equation is 3z+y="6 cuts the axes at
A and B. Find the distance AB.

14. From a point P (z, y) perpendiculars PM, PN are drawn
to the axes. If P moves so that the area ONPM is always 10,
find the equation of the locus of P and sketch its graph.

2
15. If the curve :%3_'_%____1 cuts OX at A and OY at B,
find the distance AB.



CHAPTER II
USE OF FORMULZE

Hrraerro we have investigated only the equations of lines
with positive gradients.

Considerable confusion may arise with regard to signs
when an equation involving negative quantities is to be
deduced by first principles from a figure.

Such difficulties are avoided in co-ordinate geometry by
obtaining a formula for the case in which all quantities are

positive. By adopting the o Q P X
sign convention we are able G
to use these formule for all -g o w Po.X

cases, a8 will appear in the =
courde of this chapter.
If two points, P and Q, are on the X axis, and

Fie. 21 (b)

Y OP=z,, 0Q=z,, the length QP will be
TP z,—z,. (Fig. 21 (a).)

If P and Q are on opposite sides

19 of the origin the length QP is still

0 &, —,, provided we give z, its proper

sign when we substitute its numerical
value. If, for instance, OP=z,=3

19 and 0Q=z,= —2 then z,—z,=
19 Similarly if OP is y, and 0Q is y,,
v then PQ=y,—y, (Fig. 22.)
Fia. 22

If yy=—4 and y,= —2, then
Ya—yr= —4—(—2)= —2=PQ"
15



16 CO-ORDINATE GEOMETRY
Length of-Line joining Two Points,

If the two points are P (z, y,) and Q (z, y,) it is clear
from the figure that PQ?=(z,—z,)%+(y,—y,)?

or PQ =+/(z,—2,)*+(y,—¥,)*
Y Q(‘,)’,)

0|, N M
Fia. 23

Suppose z,=—3, y;=2 and z,=4, y,=—3, we get from
the formula
PQ*={4—(=3)}2+ (32}
—(4+3)+(—5)?
=49-25="T4
*. PQ:\/?Z
This is the same result as we obtained from a figure on
p. 3.

Co-ordinates of a Point dividing a Line in a Given Ratio.
To find the co-ordinates X, Y of the point R on the line

ss s PR |
joining P (z, y,) and Q (2, y,) when RO=m
Q(x,2)
Y
R(X.\Y
P(z,
(2,3,) = v
X
(o] M N S




USE OF FORMULA 17
draw PTV parallel to ox. Then by similar -triangles

TP _RP 1
l?TP, OVP we have —- VP 0P =Itm
; \ X—z, 1
te. ez, TFm

. loy+mz,

. X= 1Tm

RT Yy tmy,
Similarly since — ov=— QP we find Y= Ry

If l=m, R is the mid-point of PQ and x=a—7%i’,

Y_yl +y2

In thm case it 18 clear that ON is the Arithmetic Mean
between OM and 0s and that RN is the Arithmetic
Mean between PM and QS.

RIX,Y)
Y
Q(z, 5,
Peryy) \ T

o} m N S
F1o. 25
* If Rdivides PQ externally in the ratio I : m—i.e. PR: RQ
. . . TP _RP_ |
=l:m (Fig. 25), show from the relation VP or—I—m
that x_.lﬁ"l"—z—x !

l—m
Similarly v=23="%:

Equation of a Straight Line.
(1) Through the Origin.—If we plot the graph of y=—22z
wg have the Jine A0B. (Fig. 26.)
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Here the angle AOX (8) is obtuse and tan 0= —2,

The equation of the line is %
still of the form y=mx where
m represents the tangent of
the angle between the line and
the positive direction of the X ~0
axis.

(2) Gradient m. Intercept on
0Y=b.—We draw the figure for B
m and b both positive. F1o. 26

If P (z, y) is any point on the line RP, and 0Q is drawn

| -I
< & —-N

Fia. 27

parallel to RP through the origin, we have, since m is the
gradient of both RP and 0Q, QN=mz.
But y=QN+PQ=QN-+RO=mz+b.
. y=ma+Db is the required equation
When two quantities, z and Y» vary so that the ratio

between them is constant we have ‘Z =k, t.e. y=kz. Here

y is said to vary directly asz. If z is doubled, y is doubled
and s0 on. The graph showing the relation between z and
y is a straight line through the origin.

Suppose a quantity y is made up of two parts, ¥, and y,,
one of which (y,) is constant and the other (y,) varies as z.
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Let y, be represented by the constant b, then y, will be such
that 1/_: is a constant (say m)—it.e. ys=maz.

y=y11ys=b-+mz
The graph will be a stralght line whose intercept on the
Y axis is b.

ExampLE. Write down the equation of a line whose
gradient is —;— which makes an intercept —2 on OY.

The equation is y=mxz-+b where m=-12 ; b=-—2.

Hence y=-—%z—2 or z--2y-+1-4=0.
Y

6
7N o X

T~

Fia. 28

Plotting this on squared paper we see that tan 6=—% and
b=-2.

_ If we plot out the graph of the line 2z +y—4=0, we do
so most readily by putting z=0 v
then y=4, and y=0 then z=2. \

Hence the line joining (0, 4) and
(2,0)is the required graph. m=tan6
in this case is —2, and the intercept

on the Y axis is 4. | RN
This may be seen at once by of '\ X
writing 2z4y—4=0 in the form Fro. 20

y=mz-+b, ie y= -—2a:+4
om==2, b=4



20 CO-ORDINATE GEOMETRY

Similarly we see for 3z—2y+6=0 that m-—-g and b=3,

for it may be written y=gx +g.

General Equation of a Straight Line.

When m or b are fractions as in the equation y=gx+3,

on multiplying throughout by 2 and bringing all terms
to the left-hand side we shall obtain the equation
3z—2y+6=0. Writing a for the coefficient of «, b for
the coefficient of 3, and ¢ for the numerical term, we
have az+4by-+c=0, which is called the general equation
of the straight line.

Equation of the Line through a fixed point A (x,y,) whose
Gradient is m.

If the co-ordinates of the given point A are z, y,, and the
gradient is m, then Y= _ .
z—1,

. y—y; m (z—z,) is the required equation of the line.

Piey)
Y
A -3,
(£,1)
X - .‘\:'.. R
(0] M N X
Fia. 30

Note that z y are used for the co-ordinates of any point
on a Curve ; Zyy,, £y, for fixed points.
Much difficulty is avoided by using the general forp
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of the equation in all cases, although the figure above
is drawn for the case in which =z,y, and m are
Rositive.

For instance, to find the equation of the line through
(—2, —3) whose gradient is —2
we have y—(—3)= —2{z—( -2)}
ory+3 -2 (x+42).

It is at once clear that this
equation is satisfied by the point
(—2, —3), and that its gradient
is —2, but considerable confusion
would arise in determining the
equation from a figure.

This equation is of great im.
portance when finding the equa-
tions of tangents and normals to
curves. Fro. 31

()

Examrre. Find the equation of the line through (4, 3)
paralfel to 2z-+43y—3=0.

The gradient of the given line is —3 3, as is seen by writing it

in the form y=-—§z+l.

. Since the required line is to go through (4, 3) and have
a gradient —g its equation will be y—3=—§(x—4) or
224-8y—17=0.

Alternative Form.
If the slope of the line is 6 the equation of the line through
A (2,y,)—Viz. y—y,=m (z—z,) may be written

—_— = - Y=Y _T—%
y—y1=tan 8 (z—z,) O =g
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If r is the distance from A (z,y,) to any point P along
the line
Z—z,=rcos 6 and y—y,=rsind

L BB _Y=y_
*“ cos 6 sin @

Y _—
r P(xy)
Alxy)
g R
/
0 M N X
Fi1a. 32

Exavpre. Find the distance from the point (5, 1) on the line
—z+44=0 to the point of intersection of this line and the

e 2z-+y=10. . .
If 0 is the slope of the line y—x-+4=0 which may be written

y=z—4, we see that m=tan 6=1.
. 1 1
*, sln 9=——§ cos 6=-—-—2: )
If ris the distance of any point P (z, y) from (5, 1) along this
line the co-ordinates of P may be written

z=b-+r cos 0 =1+r sin 0
If this point is to lie on 2z4y=10 we have

1 1
2 (5+r-\—/§.)+(1+f—\7§)_10
. 51 L\—
ot (\/2+\/§2710 1-10
Soor= -"_/3%= —47
A figure will show the significance of the negative sign.
Equation of a Line joining Two Fixed Points.

Let A (z,y,), B (z,y,) be the two fixed points, and let P
(z, y) be any point on the line.
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Since A and B are fixed, the gradient of the line is known,
and it is Y2791 "

Zy—Zy
P
{x,
Y 2
Alzs, (%27)
S R|Y
/
o) X
X
Fic. 33

The equation of any line through (z,y,) having a gradient
m is y—y,=m(z—z,). Hence for the required line the
equation is y—y, =22~ (z—z,).

T2— %
This result is more easily remembered in the form
Y—=4h
Yo~ Y1 T4
Note that y, comes below y, and z, below z;.

EXAMPLES IV

1. State the gradient and the intercept on the Y axis of
the following lines:—(i.) y=—2z+3; (i.) 2y=z+6; (i)
z4+2y—4=0; (iv.) 3z—2y—6=0.

2. Write down the equations of the lines whose gradient and
intercept on the Y axis are: {i.) m=2, b=1; (i.) m=—2, b=1;

(i) m=—9, b=—1; (v.) m=3, b=p.
8, Find the equations of the lines joining the following pairs

of points, and state the gradient of each :—(i.) (2, 0) (0, 3);
@) (=2, 0) (0, 3); (iii.) (=2, 0) (0, —3).

4. Write down the equations of the following lines given
the angle 0 they make with the X axis and the intercept b on
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the ¥ axis :—(i.) 6=30°, b=r2; (ii.) =60 b=1; (iii.) 6=120°,
b=1; (iv.) 0=120°, b=—L.

5. Write down the equations of the lines through the point
P which have a gradient m when : (i.) P (2, 3) m=2; (ii.) P (—&,
3) m=2; (ii.) P (—2, —3) m=2; (iv.) P (—2, —3) m=—2;
(V) P (2, —3) m=—2; (vi) P (4 2) m=y; (vil) P (4 —2)

=1
m= —5.

8. Write down the equations of the lines through the points
P and Q when (i) P (0,0) Q (2, 3); (i.) P (—1,2)Q (3, 4);

(iii.) P (2, —4) © (5 —6); (iv.) P(2,0) Q (4, —2); (v.)P (1, %)
Q (-—-2, —%) Plot these lines and find their gradients.

7. Show that g+g=l represents a line whose intercepts

on the axes are 2 and 3. What is the corresponding equation
if the intercepts are a and b?

8. Find the intercepts on the axes made by the line 3z-4y
=12. Draw a perpendicular ON to this line from the origin
and calculate its length.

9, Find the gradients of the lines y=2z+3 and y;z+4.
If o is the angle between the lines, calculate tan « from your
results and find a in degrees.

10. Find the co-ordinates of the point M on the line joining
P(2,3)Q (4, 7) when (i.) PM=MQ; (ii.) PM=2MQ; (ii.) 2PM
=MQ. Also when P (—2, 3) Q (4, —1T) given (i.) PM=MQ";
(i) PM=2MQ ; (iii.) PM=3MQ.

11. Find the co-ordinates of M on PQ produced given
P (2, 3) Q@ (4, 7) when (i.) PM=2DM ; (i.) PM=30QM.

12, Write down the equations of lines whose gradient is
m and intercept on the X axis is @ where (i) m=1, a=2;

(iL.) m=%, a=1; (ii.) m=—2, a=—2.

13. Find the equations of the sides of the triangle ABC
given A (2, 1), B (—3, —2), € (3, —2).



USE OF FORMULZE 25

14. Find the equations of the lires joining the vertices to
the mid-points of the opposite sides in the triangle ABC (gn. 13)
and find the co-ordinates of G, their point of intersection.
Veify that G divides the medians in the ratio 1:2.

15. Find the equation of a line through (2, 1) parallel to
9z+y-+4=0. .

16. Find the equations of a line making equal positive in-
tercepts on the axes and passing through the point (1, 3).

17. Find the equations of the lines joining the origin to the
two points of intersection of y=3x+42 and the circle z2--y*=4.

18. The expenses of a holiday are partly constant (e.g. the
railway fare) and partly vary as the number of days. 1If the
fare 18 £5 and the cost per day is £1, 10s, write down the cost
(c) of a holiday of » days. What kind of graph represents the
relation between ¢ and n ? What is the gradient of the graph
if n is measured along OX.

19. The law of a machine is P—=aW-b where P is the effort
and W the load in lb. Sketch the graph showing the relation
between P and W.

Given

P | o | 100'125]145!

wlzsolsoo 430'560'660!

calculate ¢ and b and find P when W=>500.

20. A man walks s miles at v miles per hour. Write down
the relation between s, v and ¢ where ¢ is the time taken in
bours. What kind of graph shows the relation between s and
t? What is the gradient of the graph (¢ measured along 0X) ?
If s is measured from a point A and ¢ is measured from the
moment the man passed B, which is b miles beyond A, write
down the relation between s,and ¢. What kind of graph will
this give ? What is its gradient and what is the intercept on
the Y axis if ¢ is taken along 0X?

21. A and B are the tops of two poles, 5 feet apart, whose
heights are 35 feet and 7-8 feet respectively. Find by writi
down the equation of the line AB how far from the foot of A
if would, if produced, meet the ground. Also find the height
of a point on this line whose horizontal distance from A in the
direction AB is 12 feet. -

(o}
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22. A horizontal straight pipe is laid beneath the floor of
a room OPQR and passes through the wall OP at A and OR
at B, 3 feet and 5 feet respectively from the corner 0. Find
by analysis where it will pass through the walls QP and QP it
0P=15 feet and OR=12 feet.

23. A railway passes through a station 5 miles N. of a place
0 and runs NE. Apother line passing through a place 10 miles
E. of O runs NW. Find by analysis how far north and how far
east of O the two lines cross.

24. The two perpendicular edges of a set square are OA=
6 inches and OB=3 inches. A line parallel to OB and 2}
inches from it is drawn on the set square. Find its length by
using the equation of the line AB.

25. Find the distance from (1, 2) measured along the line
3z—4y+5=0 to the point where this line cuts 2z-+y=®6.

26. Find the distances from (—1, 1) measured along the line
4243y+1=0 to the points where this line cuts the circle
22yt =4,

27. If the curves 2?4y*=100 and 2y?*=9z intersect at P
and Q, find the co-ordinates of the mid-point of the line PQ.

28. Find the length of the common chord of z*+4y*=13
and y*=3z+3. .

29. Find the length of the line z—7y-25=0 intercepted
by 224y*=25.

80. ABCD is a rectangular field AB=150 yards, BC=100
yards. A cord is pegged from a point P in AB, 10 yards from
A to a point Q, 20 yards from AD and 15 yards from AB.
Find DR if this line when produced cuts the other side of the
field at R. Where would a line through A to the mid-point of
BC cut DC? .

81. Two poles AB, CD are 20 feet apart. From A, b feet
from the ground a cord rums to C, 20 feet from the ground.
Find by analysis how far from B this cord, if produced, would
meet the ground. If another cord is run from B to a point
10 feet above C, at what height from the ground would the
two cords meet ?

82 A stmi%ht railway runs from A, 10 miles N. of B, to €,
20 miles E. of B. It is crossed at D by another line running
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from & placa miles S. of B to & place 10 miles N. of 6. How
far from B is the junction ? :

83. A diagona] AC is drawn on a rectangle ABCD. AB=

10inches, B€=8 inches. Another line is draww from the mid-

—~point of AB to D. How far from A8 and from AD is the point
of intersection of thd fines ?

Plotting of Curves.
A general idea of the shape and position of a curve may
often be obtained fom a rough graph, and in such cases the

points illustrated in the follgg- y
ing examples should be carefully
noted :—

(1) Plot the curve y=a?.
Note.—1. Since z* is positive
no negative values of y are

possible. B X
2. For any value of y there o -
will be two equal values of = Fio. 34

of opbosite sign. The curve
is therefore symmetrical about the Y axis.
3. The equation is satisfied by (0, 0). The curve there-
fore goes through the origin.
(2) Plot the curve zy—2y—4=0.
Note.—1. Solving for y we have y=x-i—2—.
When zis large +, y is gmall +.
When z is large —"°, y is small —",
When z approaches 2, y becomes very large.
When z is slightly greater than 2, y is +.
When  is slightly less than 2, y is —".

2. Solving for z we have z=2 +§.
When y is large 4", z is slightly greater than 2.
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When y is large —, & is slightly less than 2.
If the line =2 is drawn we see that as y increases, the

Y

F16. 35

curve continually approaches the position of the line.
Such a line is called an asymptote of the curve.
3. When z=0, y=—2. .
When y approaches o, « becomes very large. y=o is an
asymptote.

EXAMPLES V

1. State between what values of z the following ex-
pressions are (1) positive, (2) negative:—(i.) (x—1) (342);
(ii.) (z—1)% (z+3); (iii.) (z—2)? (z2—9). Draw rough graphs.

2, Between what values of zeis y positive, given

y=(+2)(3~z)

8. Draw rough graphs of the following curves:—(i.) zy=4
(a rectangular hyperbola); (ii.) y=2* (a cubical parabola);
(iii.) 22+4y?=16 (an ellipse) ; (iv.) y>—4x+16=0 (a parabola);
(v.) y=(2—2) (z—3) (z+1); (vi) zy=22+by; (vi.) zty=
(z—1);  (vill.) =2y—3z—y+2=0; (ix.) zP=4(2—z1);
(x.) 4y+2zy—32=0,
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Historical Note.

The idea of determining the position of a j.0int by means of co-

ordmat»es is due to DNescartes, and occurred to him one morning when
ymg in bed. In 1637 he published ai Leyden his Dis~ours, an epoch-

meking work which for the first time brought to light the funda-
mental relation between geometry and algeb. a.

When # point moves along a straight line its co-ordinates z and y
will vary, and Descartes showed that these co-ordinates were related
by an algebraical oxpression of the form ax +by +¢=0, where a and
b remained constant for a given line. (Tho practice of denoting
variables by the letters £ and y, and constants by a, b, ¢, etec., i8 due
also to Duscartes.)

It was at once clear that a new and powerful weapon had been
forged for the development of mathematical ideas. When a point
moves along its locus the condition to be satisfied by its co-ordinates
is given by an algebraic relation between z and y: so also to ean
expression of given algebraic form there correspond loci of some
general type whose geon etrical conditions are all of the same form :
henceforth it was possible to solve geometrical problems by the
rules of algebra and so avoid reference to complicated geometrical
figures.

The co-ordinates z and y of a point are often called the Cartesian
co-ordinates in honour of Descartes.



CHAPTER III
EQUATIONS OF TANGENTS AND NORMALS

Gradient of a Curve.

LET P (2, y) be any point on a straight line. If z be in-
creased from ON to ON, the increment in z is called 3z,
the ordinate corresponding

M p %~ tooN,will be NP, which
P is called y-+3y where P,R,
R, |2 is 8y the increment in y.

A __’1: The gradieni; of the line
o) * X . PR, 3
N N, N, will be Lo~ =37

Frc. 36 If NN, is‘taken ta be 3z,

then P,R,willbe 3y, and the

22 .
PR,’ since
PR, P,R,

PR, — PR," The value obtained for the gradient is

therefore independent of the size of 8z and is also inde-
pendent of the position of P for it will be the same at all
points along the line.

Consider now the curve whose equation is y=z% See
Fig. 37 (not drawn to scale).

Let P be any point (z, y) on the curve. If wetakeanother
point Q, on the curve, the gradient of the chord PQ,

will be Q‘ ! and for another point Q, the gradient of the
30
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chord PQ,is 2.Rs. ut Q, ?is not equal to Q‘R , 80 that

PR;’
this gradient changes in value according to the nearness of

Q,
P
R, Rg
)I
N X
(o} & N N, N,
F1c. 37

0 to P. Tt will also depend on the position of the point P
on the curve.
Suppose ON=2, then, since y=22 for any point on the
curve, we have PN=22=4,
Now take an increment of ‘1 in the abscissa so that
ON,=2-1, then Q,N,=(2:1)2=441.
. 9,R, is therefore 41, and PR, is ‘1.
. Ry,
* PR, =41
Now suppose NN, to be 01, then ON,=201 and Q,N,
=(201)2=40401,
. 9B, 0401
* PR, 01 =401
°‘.~‘._4001 and the

nearer we take @, to P the smaller we make NN,, and the

If we make NN,=001 we get
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nearer does the gradieit of the chord approach the
value 4.

This value 4 to which the gradient of the chord more
nearly approaches the

/ nearer Q comes to P, is
Q, called the gradient of the

\ curve at P.
PR, If we take (z, y) as the

co-ordinates of P and make
an increment 8z=NN; in
: z, then we make an in-
: crement R,Q, in the ordi-
© M nate which is called 8y, so
Fic. 38 ’
that Q,N,=y+8y.
But since Q, is on the curve its co-ordinates must satisfy
the relation Q N;,=ON_2,
ie. Y+ 8y =(z+ 8z)2=22+2z Sz Sz
But y=2? since P is on the curve.
", 8y=2x Sr-+dz?
" §Z=2x+ sz
This is the gradient of the chord PQ, and as Q, comes
nearer to P, 3z approaches zero and the gradient approaches
the value 22. 2z is called the gradient of the curve at the
point P.

The value to which SZ continually approaches as 8z

approaches zero, is called its lintiting value, and is usually

dy dy _

written - —q.e. L: % and in this case the value of
dz dz~ 8z

3z—>0

the limit is 2z, and at the point whose abscissa is 2 its
value will be 4.
If the equation of the curve is y=3z? the ordinate will be
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three times the corresponding *ordinate for the curve
y=a%
S 9,N;=30N;, P,N=3PN

.o 01R1=3 QR
2,R, 3R
and P,R,” PR
Hence the gradient of y=32? will be 3(2xz)=6z.
Q,
Y
PR

-
>~
ol o)

N X

o NN,
Fic. 39

This can be proved independently by noting that y-+3y
=3(z+8z)% (Q,N,=3 ON,?) and by finding % as before.

" Examprgs. Verify the following results :—
Curve y=2%, gradient gg:%"‘
y=3x4, gradient 32;1223‘
y=2, gradient ZZ=O
y=c (a constant), gradient gg=0
These curves are particular cases of the curve y=az® for

which y =anz®~L
dz ¢
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It is shown in text-bodis on the Calculus that this result
is true for all values of n whether integral, fractional,
positive or negative. i

Gradient of y=}-c.
1
As before we have y+8y—z T
- 1 1 -3
e T aatew)
Sy _ 1
8 x(z3z)
NN ——
e
Here y=z-'. If we apply the rule given on the previous
page we have, since n= —1, %= 1 (z)" 1" 1= —z-2

Suppose the equation of the curve to be y=aaz?+bz+-c.
Then if (z, y) are the co-ordinates of P and (z+ 8z, y+8y)

)

pe—

(o] N ]
Fia. 40.

the co-ordinates of Q, we have' since Q is on the curve,
y+3y=a(z+3z)*+b(z+3z)+c
=az*+2az 3z-+ad2*-+br+bdz+c
But y=ax*+br+c
oo 3y=2az3z-+adzi+bdz
8—"’—2a:o:+a8:r:—{—b

3
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dy 1 3% o
3z->0

“We see then that for an equation consisting of several
terms the rule may be applied to each term separately.

Gradient of the Circle x2--y*=q2,

Let (z, y) be the co-ordinates of P (z+ 3z, y+3y) the co-
ordinates of Q.
(If 3z is positive we see from a figure that 3y will be

Fia. 41

negative, but we shall work independently of the figure and
3y will carry its own sign.)
Since Q is on the curve we have
. (z+8z)*+(y+3y)*=a? .
s.e. 2222 3z 8z +y2+2y Sy-+Syt=at
*, 2z dz+ 8142y 8y+§g;32——0

", 2z+8z+2y 8y+8y

As 3z approaches zero, 8y also approaches zero, and %g

approaches its limiting value, which we denote by ?Ia:

., 2542y —3—0
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.l. dy x

. (—15= -_—
*. at a point on the curve whose co-ordinates are (z,y,)
the gradient is -
1

The result shows that tan 6= ——5: —cot PON (Fig. 41).

Hence 6=(90°{-PON)—i.e. the tangent at P is perpendi-
cular to OP.

The student familiar with the differential notation will
at once obtain the gradient from the equation z®-y*=a?2

We have 2z dz+-2y dy=0.

Z-%: —s which equals —% at the point z,y,

Equation of the Tangent to a Curve.

To find the equation of the tangent to the curve y=z?
at the point (1, 1).
The gradient of the tangent at the point whose co-ordinates

are z, and y, is given by g%=2:v,

*. at the point (1, 1) the gradient is 2
Since the tangent is a line through the point (1, 1) whose
gradient is 2 the equation is
Y—Y1=m(T—a,)
t.e. y—1=2(xz—1)

Exampre. Find the gradient of the tangent to y2=2z at the
point z,y;.
Let P (z, y) be any point on the curve and Q@ (z-3z, y+3y)
another point on the curve near P.
Then (y-+8y):=(x8x).
s yP-2y 8y+-(3y)i=z+8z
oo 2y 3y-+(3y)*=3z since yi=z

.0, 8
- 2y oty =1
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‘As Q approaches P, :—‘Z approaches Z—: the gradient of the

tangent, and 3y approaches 0.
[}

.9, W__ o =2

.o 2y dz_ *c dr 2y

.. at 2,y, the gradient of the tangent is ily—

1
This result could be obtained by writing the equation of the
-4

curve in the form y=az}, then gz=l§z = 2-{175=2~1‘;/ (since y=uxt
for any point on the curve). ’

The value of the gradient %:=§1;/ depends of course on ,

and varies as we move along the curve. At a given point
(z,y,) the gradient will be 2_1_ A common error is to write 2~1—

1
as the gradient when writing the equation of the tangent at
z,,, but as this leads to a quadratic expression in y for the
equation of the tangent the error is at once detected.

EXAMPLES VI

1. Ftnd the equations of the tangents to the following curves
at the point P:—(i.) y=32%, P (1, 3); (ii.) y==*42z+1, P (0,1);

(i) y=33 P (L1); (i) 2*+52=5, P (31); () 2-+20-+=0,

P (—1,1); (vi) 22—9y*=81, P (15, —4); (vil.) 2®+2zy=4,
P (2, 91); (viil) 16y=2!, P (z,3,).
2. Show that the point (at?, 2at) lies on the parabola y*=4az.

Find the equation of the tangent to the parabola y®*=4ax at
the point (af?, 2at).

8. Find the equation of the tangent to xy=c at the point
(z,y,). If this tangent cuts the axes at P and Q prove that
the area of the triangle POQ is constant for any position
of the tangent.

4. Find the angle in degrees which the tangent at (1, 1) to the
curve y=2x2 makes with the X axis. Calculate also the gradient
of the chord of this curve joining the points given by z=10
and z=1'1.
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5. If the tangent to y*=4z at P (4, 4) meets the X axis at T
ﬁnd the co-ordinates of T. If S be the point 1, O find the length
of P§ and prove that it equals ST. Prove the same result if
the co-ordinates of P are z,y,.

6. Find the equation of the tangent to y>=6z at z,y,. Find
the co-ordinates of the point on the curve at which the tangent
is parallel to z=4y.

7. Find the gradient and the equation of the tangent to

z?—y?=4 at the point (g, 3)
- If P (z,y)) is any point on the curve prove that the tangent
at P makes the sanie angle with the X axis that OP makes with
the Y axis. If this tannent meets the lines y=2z and y=—= at
Q, R respectively, ﬁnd the co-ordinates of Q@ and R and the
area of the triangle QOR.

8. Find the equation of the tangent to y*=7x which is
parallel to the line 4y—z+43=0. Find also its point of
contact.

9. Find the co-ordinates of the two points where the tangent
at 2,9, to 2°+y®=9 cuts the two axes.

10. Find the co-ordinates of the point of intersection of the
tangents to y=z? at the points (—1,1) and (2,4).

11. Show that at the point of intersection of the curves
(i.) zy=c and (ii.) y*=4az the gradient of (i.) added to twice the
gradient of (ii.) equals zero.

12. Find the equation of the tangent at (1, 1) to the curve
y=2%. Find the co-ordinates of the points where the tangent
cuts the axes.

13. Find the gradient of the tangent at the point where
z=16a on the curve z+y=atzl. Find where this tangent
meets the line z-+-y=0.

14. Find the equation of the tangent to the curve
y=3z*—42—1222+5 at the point where z=3. Find also
the co-ordinates of the points at which the tangent is parallel
to OX.
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The Angle between Two Lines. Condttion of Perpendicylarity.

Let the equations of the twe lines be z+2y—6=0 and
—y—2=0.

Writing them in the form y=mz+-b we have y=-‘-—%z+3
and y=3z—2.

If 6, 6, are the angles they make with the axis 0X,
then tan 6,= —%; tan 6,=3.

Y

F1a. 42

[ ]
If « is the angle between the lines, z=0,— 0,.
1
—-5-3
tan 6,—tan 6 2
. tan a=tan (6;—0y) = "~—* 3 =
1-tan 6, tan 6, 1+(—%) @)

If the equations of the lines are y=mz+b, and
y=myz+by then tan 6,=m, and tan 0,=m,,

7

My — My

1+4+mym,

If the lines are parallel 6,=6, S Mmy=m,.

If the lines are at right angles «=90° and tan (6,— 6,)= oo.
s 14mmy=0

Algo tan a=tan (8,—6;)=

1
OF Mmg= -"’""—
1
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This condition for perpendicularity may also be obtained
thus :
If «=90° then 6,=90°4-6,.
.. tan 6,=tan (90°4-6,)= —cot 6,

, 1
ie. my= — -
]

Equation of the Normal to a Curve.

The normal is a line at right angies to a tangent through
its point of contact.
The normal to the parabola y=2? at the point (1,1)is a

Y
\
=]
4, %,Q/
X
°/
Fi1a. 43

line at right angles to the tangent, y—1=2(z—1) (see
p. 36), through the point (1, 1).
Since the gradient of the tangent is 2 the gradient

of the normal is —%, my= —% being the condition for
2

perpendicularity.
The normal passes through thé point (1,1) .-, its equation

is y—1= -—% (z—1).

Exampre. Find the equation of the line through the point
(8, 2) which is at right angles to 2z—3y-+4=0.

The gradient of the given line is?—; .. the gradient m of a
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line *perpendicular to it is —-?)-. Since the live has ‘to pass
through (3, 2) its equation is y‘:—2 =m (z—3)

or y—2= —-g (z—3)

ie. 3z-+2y—13=0

Length of the Perpendicular from (x,y,) on Ax-{|By--C=0,
Let AB be the line Az+By--€=0 and let the angle
which PN makes
with 0 X be 6 where
PN is the perpen-
dicular (p) from
(zyy,) on AB.
The eco-ordinates o hf'c'?\
of Narez,—pcos6, -
and y,—p sin 6. Fro. 44 \

P(x,5)

Since this point is
on AB we have A (z,—p cos 0)+B (y,—p sin 6)4¢=0,
Az,+By,+¢C

** 7" A cos 0--B sin 0

. A
Now the gradient of ABis —

. . B
.. the gradient of PN is K:tan (]

*. sin 0=— 8 and cos 6~—-——~e——
°t T 4W/ArlB? —‘1/52:[:_8-2
Azr,+4-By,+C
np= AT — B2 A% tBy+¢C

Var e Vare VAE
It will be shown in Chapter IV. that a significance is
attached to the sign of this expression.
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EXAMPLES VII
1. Find the tangent of the angle between the following pairs
of lines:—(i.) 2z—y+3=0, z+4y—2=0; (ii.) z+gy+%=0,

g—%y=3; (iil.) z—2y=3, y-+2z=4.
2. Find the angles of the triangles whose angular points

are (i.) (1, 8), (0, 2), (=1, 2); (ii.) (0, 0), (3, 3), (5, 1).

3. Find the equation of the normal to 8y=22 at the point
on the curve whose abscissa is 4. Where does the normal
cut the Y axis? °

4. A line is drawn through the point P (3, 2) perpendicular
to the line joining P to the origin. Find its equation and prove
that the point (1, 5) lies on it.

5. Find the equation of a line through (4, 3) parallel to
2z-+3y=>H.

6. A straight line is drawn through the mid-points of AB, AC
where ABC 1s the triangle, A (1, 1), B (3, 4), € (5, —2). Find
its equation and show that it is parallel to BC.

7. Find the equation of the tangent at z,y, to the%arabola
=4az. Find also the equation of a line from (g, 0) perpendi-
cular to the tangent. Prove that they meet on the line z=0.

8. Prove that for all values of k the line 22—3y—+k=0 is
perpendicular to 3z+4-2y+1=0, and the line bz—ay+k=0
perpendicular to az-+by--c=0. .

9. Find the lengths of the perpendiculars from the given
point A to the given line when (i.) A (0, 0), 42+3y—4=0;
(i) A (—2, 1), 42—3y+1=03 (i) A (4 5), 8z-+15y=4;
(iv.) A (2, —3), 3z42y=6. '

10. Find the equations of lines through the origin perpen-

dicular to (i.) E-l—%=1 ; (i) y=ma+b; (iil.)  cos a4y sin a=n,

11. Prove that A (1, 3), B (4, 4), € (5, 1), D (2, 0) are the corners
of a square. Find the equations of its diagonals and show that
they are at right angles to each other.



TANGENTS AND NORMALS 43

12, A (a, 0), B (—a, 0) are two fixe8l points. P is the point
(2,y,), find the equations of the lines PA, PB, and if they are
perpendicular to one another prove z,%+y,%=a?

13. CAB is a right-angled triangle. A line drawn per-
ndicular to the hypotenuse AB, meets CB at P and CA at Q.
gove analytically that BQ is perpendicular to AP.

14. B is the point (0, ). Write down the equation of a line
through B whose gradient is m. Write down also the equation
of a line through B! (o, —b) perpendicular to this line. If
(z, y) are the co-ordinates of the point where these Jlines inter-
sect prove z?-+y*="0>

15. Find the angles of the triangle formed by the lines
3z+2y—4=0, 2—3y-46=0, 4x—3y—10=0.

16. Find the equations of the lines drawn through the
vertices of the triangle ABC which are perpendicular to the
opposite sides, given A (—3, 2), B (3, —2), € (0, —1). Show
t]fat they meet in & point and find its co-ordinates.

17. Find the co-ordinates of the centre of the circumscribing
circle of the triangle whose vertices are A (0, 4), B (3, 5), € (5, 1).

18. Find the equations of the two straight lines through (1, 3),
each of which cuts off along OX a length double that which
it cuts off along OY. Find the angle between these two
lines.

19. Find the equations of two lines through (8, 2) form-
ing two sides of a square, of which 4x-+7y—12=0 is one
diagonal.

20. Find the lengths of the perpendiculars from the vertices
ofdthe triangle A (—2, 1), B (1, 4), €© (3, —1) to the opposite
sides.

21, Find the points of intersection of the parabola y*=16z
and the line y=2z—6. Find the equations of the tangents to
the parabola at these points and the angles between the line
and the tangents.

22, Find the points of intersection of y2=16—8z and y*=
22+1. Find the tangents to both curves at these points and
hence show that the curves cut at right angles.
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23, Find the equatior of the tangent at a point P whose
abscissa is 8 on the curve y =8z. If this tangent meets the
line z=—2 at Z, find the gradients of the lines joining 8 (4, 0)
to P and to Z. Show that these lines are perpendicular.

24, Find the angle between the tangents to the curve
y?=5x at the points where it is cut by the line y=2z—8.
Find also the co-ordinates of the point of intersection of the
tangents.



CHAPTER IV
STRAIGHT LINE (continued)

(This chapter may be omitted on first reading)

Intercept Form of the Equation to a Straight Line.
THE position of a straight line is fixed when the intercepts
it makes on the axes are known.

Y
\,B\
j
| R ! N x
(o] a A
Fi16. 46

Let the intercept on the axis 0X be g, and on the axis

OY be b.
Note that we draw the figure for the case in which @ and

b are both positive.
Let P (z, y) be any point on theline. Then from similaz

triangles

BO_ PN L, O Y
OA™ NA g
or ab—br=ay ‘ te. bz-tay=ab
z .,y
Sootr=
a b

Alternative Method.
Join OP. Then area of triangle BOA=BOP-POA.

s 1 1 1
t.e. ﬁ ab=§ bx+§ ay
45
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: 1%,y
or 1 _a+b
Writing this in the form y=mz-+b we have y= —?—zfd'—l—b.

Hence m=tan 6= —g, which is obvious from the figure.

To write y=mz+b in the intercept form we have
—mz+y=Db.

or —mz .y _
BT
. x y_
te. (ﬂ)+b 1
m
Y
]
[ X
- Io
F1c. 46

. -b . .
Hence the intercepts are w Ve —b cot © and b, as is

clear from Fig. 46.

Perpendicular Form.

If the position and length of the perpendlcular drawn
v from the origin to a
N line are fixed, then
the position of the
T Plxy) line is fixed.

s/ly Let the perpen-

2 X dicular from the

Ofe— v —~ N origin be p and let
Fia. 47 the angle it makes
with the positive direction of the X axis be «,
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. Let P (z, y) be any point on the line. (N.B.—Do not
take P at R, which is not any point.)
Draw NT perpendicular to OR. Draw 8P parallel to
AN
OR. Then $NP=a.

S, OT=z co8 «; TR=8P=y sin «, but OR=yp

. Z o8 & + ¥ sin a=p
To write this in the form y=m2z+4b we have y=—z cot «
+ p cosec «.
m=tan 6=—cot « and b=p cosec «
To write z cos a-+y sin a=p in the intercept form we
have ZCosu ysina
p p

psec o p cosec «
Hence the intercepts are p sec « and p cosec «.

=1

or

B

1
2

(o)

wlo

Fi1c. 48

To write the equation 3:c.+4y=2 in the perpendicuiar
form.

. 1
The intercepts on the axes are 7 and 3,
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[ A
Also OBA=a
13 . 4
>, €08 a=---=- and sin a=_
+ O b
N

p=; sin OBA= 5
*. the equation is 3z+4y=§

Note that this is the original equation with both sides
divided by 5.
Perpendicular Form of the General Equation.

To write the general equation az-+by+¢=0 in the form
z €08 «t+y Sin x=p.

pes)
>IN

Fro. 49
. c e
The intercepts are — - and e

Hence AB__\/ 2+b: c\/az+bz

Also « the angle the perpendlcular OR makes with the
positive direction of the X axis is XOR.

P A
Let AOR be 8 then ABO=§.

4 b
S o8 =~ = a2 +b2 and sin B= Ve [T
AB
Also p= sin B=

Va a’+b’
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Now «=180°+8 .. cos a= ecos f and sin e= —sin B.
] _ a . b’
«s COS o= —-m and sin «¢= —W——-—F_Tz
Hence the equation is — e by °

Ve iB Vaih o vair
If will be noted that this is the original equation with
both sides divided by 4/¢2+5?, and that the proper signs

are given to cos « and sin « if ¢ is taken to the right-hand
side of the equation and made positive.

N.B.—The equation z cos 45° —y sin 45° = —2 represents a line
such that the angle between the perpendicular from the origin and
the X axis is 135°, not 45°, as may be seen by writing it with p
positive, thus:—x cos 45°+y sin 46°=+2 or z cos 135°+4y sin
1356° =2.

Alternative Method.
An equation can only be written in a new form by multi-
plying throughout by some constant.
Let the required multiplier be k, then kaz-kby-+ke=0.
t.e. —kax—kby=rc is to be the same as & cos «-+y sin a=p.
L 3 .
.. €os a=—ka and sin a=—%b

but cos? a-sin? a=1 s ket 4kthi=1
* ]c‘_—.——l—_
Hence the equation becomes
ax by c

TVt T Vat B Var i

EXAMPLES VIO

1. Find the equation of the line making intercepts of 2 and
—3 on the axes of X and Y respectively.

2. Find the equation of the line passing through the point
(2,4) and making equal intercepts on the axes (i.) both positive :
(ii.) one negative, the other positive,
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8. Write the following eqnations in the perpendicular form :—
(i) y=30+2; (i) §+§=1 ; (i) 4o—3y-+1=0.

4. Show from a diagram that the length of the perpendiculat
from z,y, to 3z42=0 is 3-2‘;"—? and the perpendicular from

z,y, to 42—3 is 431{—3 :

5. Write the equation z cos 45°+y sin 46°=4/2 in the
intercept form.

6. What is the length of the perpendicular from the origin
to the lines (i) z cos 30°+y sin 30°=2; (ii.) 3z—4y=101?

7. Find the equation of the line through the origin perpen-
dicular to z cos 30°+y sin 30°=2.

8. Find the equation of the line through (4, 5) perpendicular
to z cos 60°+y sin 60°=3. If the lines intersect at P find the
co-ordinates of P.

9. Find the equation of a line in the perpendicular form which
goes through (4, 3) and is parallel to z cos 60°+y sin 60°=2.
How far apart are these lines ?

10. Find the equation of a straight line which mdkes a
negative intercept of 3 units on the X axis and passes through
the point (1, 2-5).

11, A straight line cuts the axis of X at A and the axis of ¥
at B where OA=4, O0B=6. If P is any point (z, y) on AB,
find the relation between z and y. If (XY) are the co--

ordinates of M the mid-point of OP, show that —2)5 -{-—g =1.

12, A straight line is drawn threugh the point 3, 2 which
cuts OX at A and OY at B. The rectangle OAPB is completed
and the co-ordinates of P are taken to be X, Y. Write down
the equation of AB and show that 3Y42X=XY.

13. A straight line passes through the point 4, 4 and cuts
the axes at A and B. Prove that for all positions of the line
1,11
OA+OB_—4°
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. 14, From the point P (3, 4) perpendiculars PM, PN are

drawn to the axes. Write the equation of the line NM in the
erpendicular form and hence find the length of the perpen-

dicular from O to NM. ‘

15. Find the angle between OX and the perpendicular from
O on the line 3z+4y-+2=0.

16. Find the angle between the two lines 32-4-4y-+5=0 and
4z+3y+10=0 by finding the angles between OX and the
perpendiculars from the origin on these lines.

Length of the Perpendicular from a Point to a Line.

When the equation of a straight line is written in the
form z cos «-y sin a=p the length of the perpendicular
PR from a point P (4, 3)
is easily found.

Suppose the equation T
of the line to be 2
z cos 45°4-y sin 45°=2. L,

Through P draw a line S Qs
parallel to the given line ”
and produce the perpen-
dicular from the origin
to meet this line at T. a5 R

The perpendicular © \
from the origin to the
line PT is 24+NT and t1a. 50
the angle this perpendicular makes with 0X is 45°
Therefore the equation of the line PT is

z cos 45°+y sin 45°=2-4NT

Now the point (4, 3) is on this line, so that

4 cos 45°+3 sin 45°=2+4NT
. PR=NT=4 cos 45°+43 sin 45°—2

If the equation of the original line were ¢ -3 y=2 then
PR would be 4(4)+3(3)—2=3.

If the co-ordinates of P are z,y, then since 2,y, is on the




52 - CO-ORDINATE GEOMETRY

line PT, whose equation is % cos a+y sin a=p- PR, we have
the relation z, cos a4y, sin a=p-+PR.
.. PR=z, cos a+y, 8in a—p

Graphically.

The length of the perpendicular from A (z,y,) on the line
whose equation is z cos -y sin «=p may be obtained in-
wediately by projection. Let P (AT) be the required per-

R
A
N w
»
2 S !
a T a N
o * \\
F1c. b1

pendicular. Projecting z, and y, on OR wehave OWWR
=p+P, but OW=z, cos « and WR=AS=y, sin .
s &3 €08 a+ty, sin a—p=P

ExamprLe. To find the length of the perpendicular from
the point (4, 3) on the line 12z—5y=12.

Writing the equation of the linecin the perpendicular form
we have:

12 5 12 S
32— 139=13 since Vai{PP=+1"4(—5)P=13

The line through (4, 3) parallel to the given line will have for
its equation:
12 6 12
13°"3Y=13tF
where P is the required perpendicular from (4, 3).
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. Since the point (4, 3) is on this ne we have:

2. 5. 12
3ti3d=tP
. p2l

I"’13

(o)
7
2z
12 N
13
P .
’,
’
’
7/
’‘
s
’
4
Fia. §2

Length of the Perpendicular from x,y, to the Line ax-}-by+-c=o.

Thé& method is the same as in the former case provided
the equation of the given line is written in the form z cos «
+y 8in a=p.

. - az by c
The given line is — Ve Th Ve ih =VaTh
.". the length of the perpendicular from z,y, is
az, byl ¢
TV E Warth Varib

t.e. az"tl’}ilj_ if we neglect the sign.

Vit

Sign of the Perpendicular.

In trigonometry the line describing an angle is taken to
be positive, 8o in co-ordinate geometry the perpendicular
ON from the origin on a line is always positive.
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If 2,9, is on the line az+by-+c=0 then am1+by,+c—-'0
and the perpendicular from z,y, on the line is zero. We
should therefore expect the pefc

N pendicular to change sign as 7y,
passes from one side of a line to
the other.

\X When a point is on the same
side of a line as the origin the
perpendlcu]ars from the point

and the orlgln have the same mgn

When the point and the origin are on opposite sides of
the line the perpendiculars are of opposite sign.

In many cases the length only of the perpendicular is
required, and then we can ignore the question of sign.

When perpendiculars on to one line are concerned it is
generally only necessary to determine whether or not the
perpendiculars are on the origin side of the line.

In some cases, however, it is necessary to give the per-
pendicular its correct sign, and this is determined by writing
the expression for its length in such a way as to male the
perpendicular from the origin positive.

The length of the perpendicular from (2, 3) to the line
z cos 30°+y sin 30°=4 is by the formula 2 cos 30°+3 sin 30°
—4=—177, whereas the perpendicular from the origin is
040—4=—4. The point (2, 3) is therefore on the same
side of the line as the origin, since both perpendiculars are
negative. We have agreed, however, that perpendiculars
from the origin shall be positive, hence the length of the
perpendicular from (0, 0) is —(0+0—4)=4 and from (2, 3)
it is —(2 cos 3043 sin 30 —4)=+4-77.

As another example, suppose we require to express the
fact that the perpendiculars from P (z,y,) on the lines
3z+4y=12 and 12z-+5y+24=0 are equal and that P is
on the bisector of the acute angle between the lines.

A figure will show that P and the origin are on the same

Y

o]
Fio 53
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-side of the line 3z+4y=12; P is also on the origin side
of 12z+5y+24=0, but the perpendiculars required have

lifferent signs—thus :
The perpendicular from z,y, on 3z+4y—12=0 is

_(3_”1_"1%31_111%) since the perpendicular from (0, 0) must
be positive (!52)

The perpendicular from 2,9, on 12z+5y+24=0 is

+(1_2.“"_"*.:i53ﬂ'f.2_4), in order to make the perpendicular

from (0, 0) positive(f_;).

Hence the relation is
_ (3 t4y,—12y | 122,4-5y,+24
( 5 ) - +( 13 )

EXAMPLES IX

1. Find the lengths of the perpendiculars from (i.) (0, 0) to
z+2y+3=0; (i) (2, —1) to a+3y+1=0; (i) (5, 1) to
3z—4yt2=0; (iv.) (zy;) to 4z+3y+1=0; (v.) (1, 1) to
2z cos 50°+3y sin 30°=4; (vi.) (2, 1) to = sin 60°+y cos 60°=2.

2. Find the length of the perpendiculars from (i.) (2, 3) to

213 ) (1 4) to o —Y=2; (i) (3, 0) to y=mat2

. 8. Find the distance between the parallel lines y=2z—4 and
=2z+3 by finding the lengths of the perpendiculars to them
om the origin. Check from a figure.

4, Find the lengths of the perpendiculars from the vertices
to the opposite sides of the‘triangle whose vertices are (0, 1),
(L 3), (4, —2).

6. Find the length of the perpendicular from (2, 0) to the
tangent drawn to the curve y>=8x at the point P on it whose
ordinate is 4.

6. Find the length of the perpendicular from (4, 2) to the
tangent to the curve zy=2 at the point (1, 2). _

7. Find the distance apart of the paral'-! lines 2z--y=6.
6z--8y=8.
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8. Find: the length of the perpendicular from P (X, Y) en
3z—4y=>05. If this length equals the distance of P from the
point (4, 0) find the relation between X and Y. ,

9. Determine whether the given point, P. is on the same
or the opposite side of the given line as the origin. (i.) P (2, 3),
224+-8y—5=0; (i) P (2, 2), 20+5y=10; (i) P (2, —1),
22+4-6y=10; (iv.) P (0, 9), 82— 3y-+12=0.

10. Find the perpendicular distances of the points (4, 1)
and (—1, —1) from the line 2x+y—3=0. Show the results
on a graph.

11. From the point P (4, 3) perpendiculars PA, PB are
drawn to the axes. Find the equation of AB and length of
the perpendicular from P to the line AB.

12. The point A (o, b) is joined to the points B (a, 0) and
C (—a, 0). Write down the equations of AB and AC and find
the length of the perpendiculars PM, PN drawn to AB and
AC from any point P (X, 0) on BC. Hébnce show that PM
<+-PN=constant. i

13. A line cuts the axis at A and B where OA=3, OB=4,
The point € (2, ) is joined to A and B. Find the area of the
triangle ACB. .

14. A point moves at a distance of 2 units from fhe line
bz+12y=13. Write down the equations of its paths.

15. Find the perpendicular distance between the parallel
lines 3z+44y+5=0 and 6x-+8y—11=0.

16. Write down the equation of the tangent at P (z,y,) to
the parabola y®=4az and find the co-ordinates of T where this
tangent cuts the X axis. Find the length of the perpendicular
8Y from § (a, 0) to the tangent, and prove that 8Y*=qa ST.

17. A tangent is drawn to the circle 22+y2=a? at the point
P (z,y1). Find the lengths of the perpendiculars AN, A!'N!
drawn to this tangent from the points A (b, o), A' (—b, o).
Show that AN4-AIN'=2q.

18. Find the condition that the line zz,-+yy,=a? should be
at a distance a from the origin.

19. Find the equation of a line through the point (3, 4)
whose distence frgx the origin is 6.
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+20. A line through the point (1, 1) buts the axes at A and B.
. . OA -
Prove that the perpendicular from O to AB is __‘1‘29_3 .

Equation of the Line bisecting the Angle between the Lines
3x—4y=06 and 5x-412y=24.

Let P (X, Y) be any point on the required bisector, then

Fig. 64

the perpendiculars from P to the two lines must be of
equal length—i.e.
3x—4v—-6_ ,5X+12v—34 .
VOFI6 V25144
If P is at P, on the bisector of the acute angles the signs
of the perpendiculars on the lines are both like or both unlike
the signs of the perpendicular® from the origin. If Pisat P,
the perpendiculars from P, are of opposite sign, one being
on the same side of the line as the perpendicular from o,
the other on the opposite side.
Now consider the equations

3z—4y—6__  5z-+12y—24
b - 13
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They are of the first degree and therefore represent
straight lines.

They are satisfied by the co-ordinates (X ¥) (see (i.) abovye},
and therefore they are the equations of the bisectors.

One equation is 3:1:—;3/ -—6_5:0-}-112 g —24.
t.e. z—8y-+3=0 bisecting the acute angle.
3z—4y—6__ _5z+12y—24
i} 13 )
t.e. 6448y —198=0 bisecting the obtuse angle.

The other is

Equation of the Line bisecting the Angle between Two Lines.

Let the equations of the two lines be a,z+b,y+c¢,=0 and
a3z +bgy+c,=0.

Let P (X, Y) be a point on the line bisecting the angle
between the lines, then the perpendiculars drawn from P
to both lines must be equal—a.e.

@, X+b, Y4e, @y X+b,Y+4e,
Vaidbt | Vagtby

If P is on the bisector of one of the angles—e.g. P,
(Fig. 54)—the signs of the perpendiculars are both like or
both unlike the signs of the perpendiculars from 0, whereas
if P is on the other bisector (e.g. at P,) then only one per-
pendicular is on the same side as the perpendicular from 0.

Now consider the equations:

aztbyte, % amtbyte,
Varth: T Vapiby

They are of the first degree in z and y and therefore
represent straight lines.

They are satisfied by the co-ordinates X, Y, so that the
point (X Y) is on them, hence they must be the equations of
the two bisectors.
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General Equation of the Lines dra¥n through the Point of
Intersection of Two Given Lines.

Let the two given lines be 22—y=4 and 3z+42y=5.

Suppose XY to be their point of interseution, Since
this point is on both lines we have

2X—Y—4=0 (i)
3X+2Y-—-5=0 (i1.)

Now consider the equation 2z—y—4-+k (32+2y—5)=0
where k is & con-
stant (iil.).

It is of the first
degree and there-
fore represents a
straight line. It 1s
satisfied by the
point P (XY)
for 2X—Y—44
EB3x4+2Y—5) is F1e. 66
equal to zero by (i.) and (ii.).

Hencs it is the equation of any line through P.

If we require to find the line through P which is per-
pendicular to the line 4z-+5y =20, we note that the gradient

of this line is -—%. But the gradient of (iii.) is %——féz and
the condition for perpendicularity is (_%) (%—i%’:)= -1.

.. the equation of the required line is 35z —28y—73=0

EXAMPLES X

1. Find the equations of the lines bisecting the angles be-
tween the following pairs of lines:—(i) 4z=3y, 3z+4y=0;
(i) y=2z-+4, 2y=z—4.
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2. Find the equations df the internal bisectors of the angles
ABO and BAO where A is (4, 0), B is (0, 3). Prove that they
intersect on the bisector of BOA. 5

8. P (4, 4) lies on the parabola y>=4z. P isjoined to 8 (1,6)
and through P a line, PN, is drawn parallel to 0X. Find the
equations of the bisectors of the angles between PN and SP.

4. Find the equations of the bisectors of the angles between
the following pairs of lines :—(i.) 4z—3y—1=0, 3z—4y+2=0;
(ii.) 3z+4y—12=0, 4x--3y+24=0.

5. Find the bisectors of the interior angles of the triangle
whose sides are 4z+3y—13=0, 5z+12y+25=0, 12z—5y—13
=0. Find the co-ordinates of the centre of the inscribed circle
of this triangle.

8. Find the equation of the lines passing through the vertices
of the triangle whose sides are 2z—3y-1=0, z—y=0, 3z44y
—2=0 which are (i.) parallel to the opposite sides; (2) per-
pendicular to the opposite sides. Find the co-ordinates of
the orthocentre of this triangle.

7. Find the equations of the internal bisectors of the angles of

a triangle whose vertices are (0, 0) (g, 2) (-176, g(—l) .

8. Find the equation of the line through the intersgetion of
z—2y+3=0 and 3z-+2y—1=0, which passes through (4, 2).

9. Find the co-ordinates of points on the line 3z—2y=17
which are equidistant from the lines 3z+4y=0 and y+1=0.

10. Find the equations of the lines parallel to 6z-+-8y=>5
and distant 2 from it. .

11. Find the equation of the line passing through the inter-
section of r4-y—2=0 and z—y-+6=0, and through the inter-
section of 2z—y-+3=0 and z—3y-+2=0.

12. Find the locus of points equidistant from 3z—4y-+1=0
and 4z-3y—1=0.

Loci.

The following examples illustrate further methods of
dealing with locus problems :—

1. A point moves so that the difference of the squares
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of its distances from two fixed poirfts is constant. Find its
locus.

\When two fixed points are given the equation of the locus
may usually be simplified by taking the line joining the two
points as one of the Y p
axes, and the per-
pendicular bisector T
as the other axis. "4

Aand B being the / 1
two fixed points, a |0 « X
take AB as X axis —
and OY as Y axis
where AO=0B=q.

If P (z, y) is any point on the required locus, PA? —PB?

=constant—i.e. (z+a)*+y*—{[(x—a)*+y*]=k, or 4az=k,

Fra. 56

t.e T= .

4a

Therefore the locus is a straight line parallel to OY.

2. A and B are two fixed points. Lines AP, BP are
drawn through them such that the gradient of BP is twice
the gradient of AP. Find the locus of P.

Take the line joining AB as the X axis and take the
origin midway between A and B. Take OA=0B=g, and
suppose the co-ordinates of P to be (X, Y) (Fig. 56).

If the gradient of AP is m, then the gradient of BP
is 2m.

Since APis a line through (—a, o) whose gradient is m, the
equation of AP is .
y=m(z+a)

Similarly the equation of BP is
y=2m(z—a)
Since P (X, Y) is on both these lines
Y=m (X+a) and Y=2m (X—a)
The required relation between X, Y must not contain m
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since it is to be true for any value of the gradients;. we
therefore eliminate m.

Since m=——and m=rr———

" XFa—%—a)
t.e. X=3a is the required relation. This shows that P
lies on a straight line parallel to OY at a distance 3a from

1t.
This result can be obtained directly from a figure. The

. . Y - Y
gradient of AP is XIa and of BP it is X—a

.Y 2y
* X—a X4a

. Y Y . .
Note that the equation Xta=3(X—a) is also satisfied

by Y=0. This solution corresponds to the case when m=0.
Both lines AP and BP would then lie along 0 X and may be
said to meet where Y=0.

EXAMPLES XI

1. OX, OY are two lines at right angles. A point P moves
so that the sum of the perpendiculars from it to 0X, QY is
constant. What is its locus ?

2. A small ring, R, runs on a rod OX. A string is fastened
to a point O on the rod, passes through the ring, and its other
end P is held so that RP is always perpendicular to the rod.
Tind the locus of P as the ring moves.

3. A length AB=a is taken along the X axis, and a length
CD=b} along the ¥ axis. A point P moves 50 that the sum of
the triangles APB and CPD is constant. Find the equation
of the locus of P.

4, OX, OY are two lines at right angles. A is on OX and
B on OY where OA=qg, OB=>). Lines parallel to each other
are drawn through A and B as in Fig. 57. (i.) Prove OP.0Q
=ab. (ii.) Find for what gradient of PB and QA, PQ will be
parallel to AB.
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+5. A (a, 0) and B (o, b) are two%ixed points on the axes.
A point P moves along OB produced, and Q alcng OA produced
puch that AQ==2BP. Find the locus of the mid-point of PQ.

Y
B
6
P/ a A X
— o]

/Q

F1a. 57

6. The equation of a certain locus is z cos 25° 4y sin 25°=2.
What do you know about this locus ? What is the connection
between it and (i.) the locus of the equation (z—2) sin 25°—
(y—3) cos 25" =0; (ii.) the expression 2 cos 25°+3 sin 25°—2.

7. A rectangle ABCD (AB=3 inches, BC=2 inches) is
placed so that A moves on OY while B moves along 0X. If
OAB= 0, find the co-ordinates of D and find also the locus of
D by elijninating 6.

8. A string 4 feet long is fastened at one end to a point B,
and hangs vertically with a weight P at the other end.. The
string passes through a small ring R which is held at B and
then moved horizontally so that BR is horizontal and the weight
P vertically below R. Find the locus of P.

Y

N.B.—The equation z+z=l will be found useful in several of

the following questions.

9. A straight line moves 86 that the sum of the reciprocals
of its intercepts on two fixed lines which are at right angles to
one another is constant and equal to &. Prove that the line

passes through the fixed point Gc’}c)

10. A straight line through the fixed point P (e, B), cuts the
axes at A and 8. If the rectangle OACB is completed, find the
equation of the locus of C.
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11. A fixed line AB cuts off equal intercepts on the axes.
If from P, any point on this line, perpendiculars PM, PN are
drawn to OX, OY respectively, prove that the perimeter o
the rectangle ONPM is constant. Prove also that the locls
of the mid-point of MN is a straight line.

12. A square OABC is drawn, with OA along OX and OC
along OY. A string is stretched from a point P on OY to a
point @ on OX, so that it passes through B. Prove that as
the string moves the Harmonic Mean of OP and 09 is constant.

13. A straight line AB cuts two lines, OX, OY, which are
at right angles to one another in A and B respectively. If
OA 0B=10, find the locus of the mid-point of AB.

14. 0X, OY are two lines at right angles; P is a fixed point
(«, B). A straight line with its ends on OX, OY, always passes
through P and cuts the axes at A and B. Find the equation
of the locus of the mid-point of AB.

15. If a second line through P in Qn. 14 cuts the axes at
€ and D respectively and AD, BC are joined, prove that the
locus of their point of intersection is a straight line through 0
whose equation is Bz—-ay=0.

16. A (a, 0), B (0, b) are fixed points on the a'xes. A is
joined to a point P on OB and BM is drawn perpendicular to
AP, cutting AO in R. Find the equation of PR and prove
that as P moves along OB the line PR moves parallel to 1tself.

17. Straight lines, AP, BP, are drawn through two fixed
points A (a, o), B (b, o) such that the sum of their gradients is
unity. Find the locus of P. .

18. Find the equation of the locus of the centres of circles
passing through the point (1, 2) which touch the line y=o.

19. On OX take two fixed points, A and B, and on OY two
other fixed points, ¢ and D. P is a variable point on BD.
L and M are the mid-points of CP and AP. Find the locus of
the mid-point of LM.

20. ABC is a right-angled set square. AC=3 inches, CB=
4 inches, AB=5 inches. It is placed with A on OY and B on
OX. so that € is on the other side of AB from the origin. If
OAB=0, find the co-ordinates of C and the locus of C.
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+ 21. A and B are two points on the X axis on opposite sides
of O such that OA =OB. A and B are joined to any point
ﬁ. CA, CB are bisected at right angles by lines which meet at

, find the equation of the locus of 1.

22, A line through A (a, 0) meets a line through A! (—a, o)
at P. If the gradient of AP equals the reciprocal of the gradient
of A'P, find the locus of P.

23. O (0, 0) and A (a, 0) are the extremities of the base of
an isosceles triangle whose sides have gradients +m. A point
moves so that the sum of the squares of its distances from
the three sides of the triangle is constant, find its"locus.

24. Through a fixed point A («, B) a straight line is drawn
cutting OX at B. Through A draw AC at right angles to AB,
cutting OY at C. Find the locus of the mid-point of BC.

MISCELLANEOUS EXAMPLES

A

1. Plot the three points P (1,1), Q (3, 4), R (5, —2). Find the
area of the triangle PQR (i.) by drawing perpendiculars
PM ON from P and Q to a line through R parallel to OX
and calculating the areas of PQNM, QNR and PMR; (ii.) by
finding the lengths of PR and the perpendicular from Q on
PR. '

2. P(—1,2), 0 (1, 4), R (5, 1) are consecutive corners of a
parallelogram. If § is the other corner, find the equations of
PS and RS, and the co-ordinates of 8.

8. Find the tangents to 2z*+y?=1 and y?=z at their points
of intersection, and find the angle at which the curves cut.

4, Find the equation of the locus of a point whose distance
from (0, 1) equals its distancé from the line 3z—4y=2.

5. Find the equation of a line which passes through the peint
P (3, 4), such that OP is the perpendicular to it from the origin.

B

L, Find the equation of a line drawn perpendicular to

%~%}/—=1 through the point where it meets the X axis.
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2. A straight line mal%s intercepts of ¢ and b on OX and
oY. Find the co-ordinates of a point P on the line whose
abscissa equals its ordinate. Hence find the side of a squa;
drawn inside a right-angled triangle when two of its sides hie
along the shorter sides, a and b, of the triangle, and one corner
lies on the hypotenuse.

8. A point P moves so that the perpendiculars from it to
3z+4y=>5 and 122x—5y=13 are equal. Find the equation of
the locus of P.

4. Find the co-ordinates of the 0. of a. of three equal masses
placed at tkes points (0, 1), (1, 2) and (3, 0).
. 5. Find the co-ordinates of the points where the circle
2?42 +x—5y—6=0 cuts the axes, and find the lengths of the
chords cut off by the axes.

c

1. Find the equation of & line through (—1, 2) which is
parallel to 2z+y=>5.

2. OA=12 feet, OB=10 feet are two adjacent sides of a
rectangular room. Through a point P, which is 4 feet from
OB and 3 feet from OA, lines are drawn parallel to the two
diagonals of the room. TFind where each line meetg the other
diagonal. R

8. A rectangular piece of paper is 12 inches long and 8 inches
wide. Find the angle between the diagonals from their
equations.

4, Three points, A, B, C, equidistant from each other, are
taken on the circumference of a circular lamina which is
immersed in water so that the depths of A, B, C are o, B, y
respectively. Find the depth of the centre of the lamina.

5. The three angular points of a triangle are A (1,1), B (5, 7),
€ (9, 3). Prove by finding its equation that the line joining the
mid-points of AB and AC is parallel to BC.

D

1. The sides OA. OB of a right-angled triangle are 3 and 4.
On both sides of AB a square is described. Taking OA, OB
as axes of X and Y, find in perpendicular form the equations
of the sides of the two squares wﬁich are parallel to AB. Find
also the co-ordinates of the angular points of the squares.
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. 2. A point P moves so that its distance from (2, 0) is twice ite
distance from (0, 2). TFind the equation of its locus.

3. Find the distance of the point (X, Y) from the three
?bints A (0, 0), B (2, 4), ¢ (4,1). Hence find the co-ordinates
of the centre of the circle circumscribing ABC.

4. A fixed straight line cuts the axis at A and B where A
is (a, o), B is (o, b). € is the mid-point of AB, and CN, CM
are drawn perpendicular to the axes. A point P moves =o
that the area ONPM equals AOB. Find the equation of the
locus of P.

5. Find the equations of the tangent and normalto 4y=13 at
the point whose abscissa is 2. Find the co-ordinates of the
point where the tangent cuts the curve.

E

1. A ray of light passes through the point 1, 2, is reflected
at a point A on the X axis and then passes through (5, 3)
Find the position of A by analysis.

2. A square is circumscribed to the circle 22442=9, so that
two of its sides are parallel to y=2z. Find the equations of
the sides of the square.

3. A lemgth AB=aq is taken on OX, and CD=b on OY. A
point P gnoves so that A APB—ACPD is constant. Prove
that the locus of P is a straight line, and find the angle it makes
with the line az-+by+c=0.

4. Find the equation of the tangent to the circle 22-}32=q?
at the point z,y,, and show that it can be written in the form
zz,~4-yy,=a® Find the co-ordinates P, Q of the points of
intersection of this tangent with the tangents at (a, 0) and
(—a, 0). Show that OP is at right angles to 0Q.

5. Find the equation of the normal at P (z,y,) to the para-
bola y%=4az, and find the co-ordinates of G where it cuts OX.
If © be the mid-point of PG find the locus of Q.

1, A is a point on OX and B a point on OY. Squares
OAPQ, OBLM are drawn on these lines on the negative side
of the axes. If BP meets AL in R, prove that OR is per-
pendicular to AB.
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2. A(a, 0), Al(—a, o) rre two fixed points. A parallel to
0Y through A cuts any line through A! at B, and a line parallel
to AlA cuts A!B, AB at R and S respectively. Prove that the
mid-point of RS lies on OB. 4

8. Find the area of the triangle formed by the lines
y—22—1=0, 2y—z—1=0, z+y=4.

4. Find the co-ordinates of the c. of 6. and of the orthocentre
of the triangle whose angular points are (—2, 1), (1, 4), (3,—1).

5. Find the co-ordinates of Points on 2z—y+13=0, which
are at a distance 3 from the line 5z4-12y—1=0.

~

G

1. PM is the perpendicular to OY from a point P on the curve
y=2° and the normal at P meets OY in G. Prove for various

o 1
positions of P on the curve that M@ o e

2. A and B are two fixed points on OX.  Circles are
drawn through A and B cutting OY in € and D. Find the
locus of the point of intersection of AC and BD.

3. Show that the points on z?*—4z4y2—6y-+12=0 for
which g equals the gradient of the tangent lie on the line
223y —12=0. !

4, A line cuts the axes at A and B where 0OA=0B=4. On
AB an equilateral triangle is described whose vertex C is on
the opposite side of AB from the origin. Find the gradients
of AC and BC and their equations.

5. Draw a graph of the curve zy=22°+3 and determine its
asymptotes.

H

1. AB meets the axes at A (3,0) B (0,4). On the negative
sides of OA and OB draw squares OAPQ, OBRS. Join AR,
BP and find the co-ordinates of T their point of intersection.
Show that OT is perpendicular to AB and that it passes through
the point of intirsection of PQ and RS.

2. The tangent at P to the curve y2=42® meets OX in T

and OY in ¢, If PN is the ordinate of P prove 30T=ON
and 20t=PN.
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_+8. Find the co-ordinates of the podnt P where the perpendi-
cular from the origin meets 924-12y=25. If from Q (z, y,)
Ly point on this line pergendicu]ars QA, OB are drawn to the
:ies find the equations of AP and BP and show that they are
at right angles.

4, Show that if a line drawn from a point (z, y,) to the point
(z,-+a, 0) cuts theline z=a at M then OM will pass through the

. z2
point ( T, —‘;;/-1).

5. Find the co-ordinates of the centre of the circle circum-
scribing the triangle A (4, 6) B(0, 4) € (6, 2).



CHAPTER V
DETERMINANTS. AREA OF TRIANGLE. MNEMONICS

(This chapter may be omitied on first reading)

WueN the methods and principles underlying the equations
dealing with straight lines have been fully grasped it is of
great advantage to be able to write down rapidly the results
which have been proved. To do this it is worth while
acquiring a slight knowledge of what is known as a de-
terminant.
A determinant of two rows and two columns is written
| a1 ag |
| by by |
This is understood to mean that &, is multiplied by
b, and b, by a, the latter product being of negative
sign.
It is thus merely another method of writing the expression
@10, —bya,.

Forinstance | 1 —2 | =(1)(4)—(3) (—2)
| 38 4 | =446=10
and | =2 0 | =(-2)(3)—(1)(0)
’ I 1 8] =-—6
l Zl Z‘ i } is a determinant having 3 rows and
a* bz L 3 columns
3 O3

It is expanded by multiplying each term in the first row
by the determinant obtained by omitting the row and the
column in which the term occurs. The signs of the results
are alternately positive and negative.

70



DETERMINANTS.” AREA OF TRIANGLE 71

It is therefore equivalent to 2 i
“1’ball‘bx‘azl|+1|azbz'
I ba 1 ' l ag 1 l i Qg bs I
=0, (bg—b3)—by (ay—a3)+(ashs—asb,)
=a;b3—a,b3—b18,4+-b1a3+azb;—asb,
If we expand by taking each term in the first column
instead of the first row we get the same result, thus:
6y by 1 | — ag | b, 1 + a3 | b 1 |
by 1 | | b 1 [ b, 1 |
=a, (by—bs)—a, (by—bs)+a, (b,—b,)
=a,b;—a1bg—ah,+asbs+azh;—ash,

Solution of Simple Simultaneous Equations.
The solution of the equations a,z+b,y+¢,=0
a,T+byy+co=0 |
may be written down at once as follows.
Write the co-efficients only, beginning at the second term,
and continue with the co-efficient of z, etc., thus :
b, ¢ & b
by Cq a, b,
Nowfexpand these in pairs as three determinants and
write the results thus :
T Y 1
bica—bse, €18,—Caa, a;by—ash,
The solutions of the equations are :
blcz zcl C133—C00y
albz—azb Ta,bg—agh,

Exampre. Solve 2z—3y<=4, z-+5y=2.
Writing the equations with the right-hand side zero, we have
22— 3y—4=0
z4-by—2=0
Then the co-efficients are —3 —4 -3
+5 —2 1 5

w2

and e _ oy 1
6-+20 —4+44 1043
26
f, == yzO

137
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EXAMPLES XII (a)
1. Find the value of the determinants:

W79l a |3 3] @]
211 a; b, 1

iv) [—1 2 1 ") | ay b 1
031 a; by 1

2. Solve the equations: (i) 3z+4y=2, z—2y=3; (ii)
r—4y+1=0, 2z-4+3y+2=0; (iii.) 2z+3y+1=0, y—22=4;
(iv). y—2z=3, 3z+y=2.

Area of a Triangle:

Let the co-ordinates of the angular points be A (—1, 1),
8 (3, 3), ¢ (5, —2). Through the lowest point € draw a
parallel to 0X, and project AB, BC on it,

Y
B

A;<_

' x
1 '.
)
| S — e e e - e - .———
M N c
Fro. 58
Then area Asc—-trapezmm AMNB-{—ABNC AAMO

<3+5) 4+252 §36

-16—{-5 9=12 square units

If the co-ordinates are A (z,y,), B (z4ys) C (25y5) then
A ABc (Fig. 59).
__trapezmm AMNB+trape71um BN Rc——trapezmm AMRC

=Q(yx+?/2)(f'3z )+2(?/z+?/a)(xa—3’2)—§ (¥1+¥s)(z3—2,)

1 . .
=g[y1%s —Ys%1+Y s —2eYs +2.Ys —Ta¥1] (i)
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. . 1 | %ol : .
" I the determinant 5 | 22 yg 1 i3 expanded it
| 25 ys 1

w1ll be found to be equal to (i.) and is therefore a very
convenient form for remembering the result. The sign

Y B(z,,)

'
'
[
l
'
]
0
L

(o} M N R X
Fi1c. 69

will depend upon whether we take the points (2,y,) (zy,)
(zsys) clockwise or anti-clockwise round the triangle.

Equation of the Line joining Two Points.
If the co-ordinates of the two points are (z,y,) and (zy,)
the required equation is:
Y=Y _ T4
Y2—Y1 Ta—Ty

e, z(y1—ys)ty (Ta—2:)H(zy2—Tay2) =0
This result is easily remembered by the following device 3

| & ¥ |
yT‘ Ty Ye ‘\],z

Begin with z, the co-efficient of which is y, —y, (shown by
the direction of the arrow),«then write y (z;—~z,) plus the

determinant | 22 91 |
[ za ya
The equation of the line joining (2, 1), (—3, 4) is
21

vyt 3 4 '| ‘=z
te. z(1—4)+y(—3—2)+(84+3)=0, or 3z+5y—11=0.
¥
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Otherwise. Since P fr, y) and the two given points
(2, 31) (4 y4) are to lie on a straight line, the area of the
triangle formed by these three points will be zero.

z y-1
s.e. z, y, 1 | =0

Ty Yy 1
or  (y1—Y2) Y (T2—2)H {1y a—Za:) =0
Equation of the Perpendicular to

ar+4-by4 c=0

The gmd;ent of the perpendicular is 2. If the perpen-
dicular is to pass through (z, y,), its equation is y—y,
=3 (z—a;) which may be written ;

=% _Y—%

a b

EXAMPLES XII (b)

. 1. Write down the areas of the triangles whoge vexﬁi_ces are:
(1) (3,2), (5 6), (1, 4); (i) (1), (3, —2), (4 —1); (ifi.) (0,0),
(a,0), (=b,a); (v.)(7,6),(0,0), (4 3); (v.) (—1,3), (=1, —1),
(2! 1)’ (Vl.) (—31 1)! (_'2’ '—2)1 (3: 2)-

2. Prove that the following points lie on a straight line by

showing that the area of the triangle ABC is zero:—(1.) A (2, 3},
B (4, 5), C (6, 7); (ii.) A (3, 0), B (1, 8), C (4, —4).

3. Write down the equations of the lines joining the follow-
ing pairs of points:—(1) (2, 8), (—4, 1); (ii.) (2, 1), (6, 6);
(uf) (_5’ 2)’ (7’ O); (lv') (1’ '—2)’ (2’ 2); (V.) ('_a! 0), (a» b);
(vi.) (—2, 3): (2: 1)’ '



CHAPTER VI

CONIC SECTIONS

Historical Note.

If & right-angled triangle, ABC, is rotated about AB the surface
generated by AC will be a right circular cone. If CA is produced
beyond A another cone, C'AD?, will be formed, and the solid is called
& double cone. The plane
curves formed by the inter-
section of this solid with a
plane will vary in shape
according to the position
of the intersecting plane.
A section which cuts both
generating lines, AC and
AD, forms a closed curve,
EF, called an ellipse : if the
section is perpendicular to
the axis AB the curve be-
comes a drcle, DC. When
the plane is parallel to AD
the curve is confined to the
lower half cone but is not
closed, since it spreads out
continuously as the gener-
ating lines are produced :
the curve is then called a
parabola (KGL).

If the plane cuts both
parts of the cone, there
are two detached branches,
$PM, 8'P'M!, forming a
curve called & hyperbola.
If the plane passes through the vertex A the section consists of two
straight lines, NAN!, RAR".

The names of the conic sections, ellipse, parabola and hyperbola,
are due to Apollonius of Perga, third century B.c.

Since the investigation of the properties of these curves involved

%
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the drawing of a solid figut» it was difficult to find any general rela-
tions connecting them, and it was not until about A.p. 300 that
Pappus of Alexandria discovered that the curves might be described
by a point which moved so that its distance from a fixed point bore
& constant ratio to its distance from a fixed line.

For nearly two thousand years the properties of these curves were
studied merely as an abstract science, without any idea of their
practical importance. In 1571 Kepler, who was an astronomer as
well as a geometer, enunciated the theory that the paths of the
planets round the sun were ellipses, and the verification of this law
was an essential step in the proof of Newton’s theory of universal
gravitation. , '

A fitting climax to these developments was provided by Descartes,
who, after showing.that every equation of the first degree of the form
#z+by +c=0 represented @& straight line, proceeded to find the
goometrical representation of the general equation of the second
degree—namely ax®+2hzy +by* +29z +2fy +¢=0. We can imagine
how great must have been his delight and surprise to find that it
represented no more and no less than the conic sections which for
generations had been studied as & branch of geometry. When
h=0 and a=b the equation represents & circle, if ab—A? is positive
it represents an ellipse: when ab—hk?=0 it is & parabola: when
ab —h? is negative the curve is a hyperbola, and when the expression
can be split up into two linear factors it represents two straight lines,

A Pair of Straight Lines.

When an equation of the second degree in z and y can
be factorised, it splits up into two simple equations, each
of which represents a straight line.

The equation z?—y*=0 can be written in the form
(z—y) (z+y)=0 and therefore represents the two lines

z—y=0 and z+4y=0.

32+ Toy+2y* —2x+y—1= =0 may be factorised thus:
322 +4-Txy+2y*=(3z+y) (z+2y), and since the factors of
the given expression will have three terms of which the
third is numerical, inspection shows that this term will be
+1 in one factor and —1 in the other, Trial now shows
that the required factors are 3z+y-+1 and z-42y—1, so
that the equation represents the two lines 3z+y-+1=0 and
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z42y—1=0. Any point—eg. (0§ —1), which satisfies
3z+y+1=0—will necessarily satisfy

322+ Toy+2y* —224+y—1=0 (i)
Similarly any point whose co-ordinates satisfy z-+2i —1=0
will also satisfy (i.). .. (i) represents both the lines
3z+y+1=0 and z +2y—1=0.

The Circle.
When the centre is at the origin the equation of a circle
has been shown to be z2+y*=r2 (p. 9).

"Change of Axes.

If the centre of the circle is at ¢ whose co-ordinates
are (¢, B), we can find its equation by moving the
axes from € to O, keep-
ing them parallel to
themselves.

Suppose the co-
ordinates of P, any
point on the circle, to

Y

7"

]
, Y
1

be (z, §) referred to -—/
axes through ¢, and to o[ —¢ - 1 X
be (X, Y) referred to X -

F1e. 61

parallel axes through 0.

From the figure 2=X—« and y=Y—B. But we know
that z?4-y2=r%

S (X—a)® 4(Y¥Y—B)2=r?, which is the equation of the
circle referred to axes through oO.

If we write z and y for the co-ordinates of a point referred
to axes through O the equation is

(@—2)*+(y—B)*=r?
Expanding we have
2+ —2z0—2yB+a+ B2 —r2=0 (i.)

It will be noticed in this equation (i.) that the co-efficients

of 2% and y? are equal ; (ii.) that there is no term in zy.
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These facts are pecufiar to the equation of a circle.and
enable us to identify the curve at once from its equation.
In three dimensions the general homogeneous equation
of the second degree in , y, 2 is written:
ax?-+by?+-c2t+-2fyz+- 29wz +2hoy =0
If we put z=1 in this it reduces to
ar?+by?+c+2fy+-29x+2hry =0
This is called the general equation of the second degree
in z and y.
For a circle a=b, and for simplicity a and b are usually
made equal to 1; also A=0.
The general equation of a circle is therefore
22 +y2 4292+ 2fy+c=0
It will be seen that this represents all the terms that
occur in (i.), ¢ standing for the numerical part a®-g2—s2,

ExampLE 1. Find the co-ordinates of the centre of the

circle 2%+y*+29x+-2fy-+c=0.

This has to be written in the form (z—a)*--(y— B)?=12
—that is, the terms in x and the terms in y have to be made
into perfect squares, thus:

. @ +290+¢"+y* -2y -+ =g"+f*—c
ie. (z+9)+(y+f =g+ *~c

;. a=—g; PB=—f 8o that the co-ordinates of the centre
are (—g, —f), and the radius is Vg*4f2—c.

Exampie 2. Find the centre of the circle:
2224242 +-52—2y=0
To get this in the required form we must make the co-
efficients of #? and y* equal to 1, thus:

b
@ty 5 —y=
Completing the squares, we have
b .25 1 25 1

. 5 1y, _29
- (‘°+I>’+<y‘§) =16
S oas= —g, B=; are the co-ordinates of the centre.
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- Exampie 3. Find the equation oféhe circle passing through
the three points, A (0, 1), B (3, 0), € (0, 6).
The equation of any circle is of the form
224yt 4-2gx+4-2fy+c=0
Since A is on it we have
04+1+40-+2f4c=0 Similarly for B and €.
94-04-69+0-+4-c=0
0-+36+0+12f+c=0
Solving, we find g= -—g f= —g, c=6.

Hence the equation is 2?4-42—5z—T7y-+6=0. .
Note that there are 3 unknowns and that 3 points are
necessary to fix the circle.

Length of a Tangent o a Circle.

If the co-ordinates of the centre are («, 8) and the radius 7,
the equation of the circle is

(z—a)+(y—p)=r

P(r )

Y

o a A X
Fi1a. 62

If PT is the tangent from (2,y,) to the circle we have
PCt=(z, )"+ (y,—8)°
but PT:=PC*—72
=@~y —r*

The square of the tangent is therefore obtained by sub-
stituting the co-ordinates of the point 2y, in the expression
(@—a)*+(y—B)*—r". :

Show by writing the equation #*+4*+2gz+2fy+c=0 in
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the form (z—x)2+(y —@?=1? that the square of the tangeht
from (z,y,) is
2,24y, +292,4-2fy, +c
Note that the result will be zero if (z,y,) is on the curve,

EXAMPLES XINI

1. State what loci are represented by the following equa-
tions :—(i.) 2y=0; (ii.) (#—2) (z—1)=0; (iii.) 2*—5ay+4y*=0.

2. Show that the following equations represent pairs of
straight lines, and find the angles between them :—
(i) 2*—bry+4y*+3z—4=0; (i) 32?45zy+2y*—42—3y
+1=0; (i) zy—az—>by-+ab=0.

8. Find the equation of the circle whose centre is P and
radius r when (i.) P is (2, 1), r=2; (ii) P (—3, 2), r=4.

4, Find the co-ordinates of the centre and the rad.lus of the
following circles :—(i.) (z+2)*+y*=9; (i.) 2*4y*—6z=4
(i) 2°+y*=0; (iv.) 2*—a+y*+y=0; (v.) 16z2~lbx+16y
+8y=11; (vi.) T2*+4Ty*—4or—y=3.

5. Find the equations of the following circles :—-(i.) centre
2, 3) passing through (3, —2); (ii.) through the pmpts 4, 2),
(—6, —2) with centre on OY ; (iil.) centre (—1, —5) and touch-
ing OX; (iv.) through (U, —3) (4, 0) with centre on the line
'c+2y=0.
6. Find the equations of the circle z2+y?=9, if the centre
is transferred to the point (i) (2, 3) ; (ii) (—2, 3). A

7. Find the equations of the following circles when the
ngln is moved to their centres ——(1) (#—2)2+(y+4)*=
o) P2—4wty*4-8y=12.

8. ABC is a triangle right-angled at B. BA=-4, BC=3.
Find (i.) the equation of the side AC; (ii.) the length of the
perpendicular from a point (a, 8) to this side; (iii.) the equation
and radius of the inscribed circle. (Take B as origin and
BC as X axis.)

9. Find the locus of a point which moves so that the sum
of the squares of its distances from (g, 0) and (—a, o) is equal to
2b%. What happens when b=a ?
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- 10. Find the locus of a point gch that the square of its
distance from the origin is equal Yo its distance from the X
axis multiplied by a constant k. Find the centre of the curve.

11. Find the equation of a circle whose centre is at the point
(4, 5) and whose circumference passes througk the centre of
the circle #2442 +4-4x—6y=12. ’

12. Form a single equation to represent the two straight
lines, 3y—2z=1, by+4z=2. Find also the equation of the
two straight lines joining the origin to the points where these

lines are met by the line y=l2—1.

13. Two circles are drawn to touch both the lines y=0,
y==u tan 2a, and to pass through the point (%, k). Prove that
the distances of the points of contact with the X axis from the
origin are the roots of the equation X*—2 (h+k tan «) X443
+k*=0.

14. Show that the four straight lines given by the equa-
tions 6z°—b5xy—6y*=0 and 62°—5zy—6y>*+z+5y—1=0 lie
along the sides of a square.

15. A circle touches one given straight line and cuts off a
constantelength 2/ from another straight line perpendicular to
the foryner. Find the equation of the locus of its centre.

16, Write down the equations to the straight lines joining
XY to the points z,y, and z,y,. Then write down the condi-
tion that these lines are at right angles. and hence obtain the
equation of the circle described on the line (z,y,) (zsy,) as
diameter.

17. Find the equations of the two lines given by
202 —3xy—2y*+22+11y—12=0 and find also in quadratic
form the equation of the twg lines parallel to them which pass
through the origin.

18. Find the equation of the line joining the centres of the
circles z?—4z+y?+2y+1=0 and 16z°—16z+16y°+8y=11,

19. Show by analysis that the four points (16, 1) (16, 3)
(14, 7), (2, 3) are concyclic.

20. Find the co-ordinates of the points on the circle
2%—6x+y2—2y-+6=0 which are equidistant from the axes.
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21. Find the square oftthe distance between the centres of,
the circles z?+y%+4-4z-+6y+4=0, 2*+y*—62—2y—22=0,
and prove that 1t equals the sum of the squares of the
radii. Hence show that the circles cut at right angles—i.e.
orthogonally.

22. Show that the circles *4-y*—2az+c=0 and
z?-++y?-+-2by—c=0 intersect orthogonally.

23. Show that if the distance between the centres of two
circles is @, the obtuse angle 6 at which they intersect is given
by 2r,r, cos 8=r,2+r,2—a® Hence find the angle at which the
circles 2?*—8z+y*—2y+13=0, and a*+2z+y2+2y—34=0
intersect. .

24. Find the length of the tangent from (4, 7) to

*—dz+y —6y+12=0

If a point moves so that its distance from a fixed point
bears a constant ratio to its distance from a fixed line, the
curve described is either a parabola, ellipse or hyperbola.
The constant ratio is known as the eccentricity, and denoted
by e.

If e=1 the curve is a Parabola.

If e<1 the curve is an Ellipse.

If ¢ 71 the curve is a Hyperbola.

The fixed point is called the Focus of the curve and the
fixed line is called the Directrix.

The Parabola.

On squared paper take a point 8, 2 units from a straight
line ov.

If s0 is perpendicular to OY, the mid-point A of 80 is

SA
such that “A'a=1.

. A is a point on the parabola.
Mark the parallels to OY at unit distance apart, in order,
1, 2, 3, etc.
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With centre S, radius 2 units, gmark the points P,, P,,
v ‘

P

3
'
1
'
'
'
'
1
[
]
[
I

[
Ll
'
!
|
I
]
!
1
.

where an arc cuts the line 2, and with radius 3 mark the
points Q,, Q, where it cuts the line 3, ete.
B $Q,; _
Ther, P, 0N,
A ourve through the points Ag P; P, @, @, etc,, will be
a parabola.
The foot of the perpen- M

dicular from $ to the P
directrix is usually called Z.
The curve is symmetrical ’
about the line AX, which
is called the axis of th€ 2 A S, N X

parabola.
The distance 82 is called
2a, so that SA=AZ=a.
When Z is taken as origin,
28 a8 X axis and the
directrix as Y axis, then if Fio. 64
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P (z, y). be any point'pn the curve it can be shown
as on p. 10, that since’ SP=PM we get y*=4a (z—a)
for the equation of the parabola.
Since z—a=AN and AS=g thisrelationis PN2=4 AN, AS,
A simpler form of the equation is obtained by taking A
a8 the origin, and the tangent to the curve at A as Y axis.

™ P
L
~1’
| J
z A S
x —>N
L'\
Fia. 65

Then AN=z, NZ<=PM=z-ta, SN=z—a,

SP
Now Pivi=l S, SP*=PM?=NZ?
-, §*+(z—ay=(z-+a)
S yt=dax

The double ordinate through the focus (LSL?) is called the
A Latus Rectum. Since
Y % SL = LR = $Z =2a,
r the Latus Rectum=

S e 4a.
N l x 1 the axis of the
A x parabola is taken as
: L the Y axis and the
Fro. 66 tangent at A as the

X axis, show that
the equation of the curve is now z*=4ay (Fig. 66).
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(]
If a=‘11, this reduces to the forll y==23,

It is important to notice that in the equation y*=4az
any positive value of « determines two equal and opposite
values for y, and that  cannot be ncgative, Similarly for
z2=4ay two values of z correspond to each positive value
of y.

Change of Axes.

If the vertex Aisat the point («B), the axes of co-ordinates
being parallel to their original directions, we see that if
(XY) are the co-ordinates of any point P referred to axes
through O, then z=X—a, y=Y—B (¢f. p. 77).

Y
A‘
B
a X
(o]
Fi1a. 67

But since y*=4az we have (Y —B)?=da (X—a).
If we take the co-ordinates of P referred to axes through 0
as z and y the equation of the parabola is (y —B)*=4a (z—a).

P M Y
V4
A X
S A |2 X
S
N

Fia. 68 Fia. 49
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Prove in a similar wiv that if the axis of the parabola
is parallel to the Y axis the equation of the curve is
(z—w)*=4a (y—B).

If the parabola is concave towards the left the relation
between z and y will be the same as before except that z is
now negative and the equation will be y?=—4az when the
vertex is at the origin (Fig. 68). '

Similarly if the parabola is concave downwards its equa-
tion will be z?=—4ay (Fig. 69).

Axis of Parabola parallel to OX.
We have proved that the equation is
(y—B)*=4a(z—a)

i.e. y*—2yB+p*=4ar—4ax
_Y_28  (B*tdacx
or ”‘4a‘4a?/+( & )

This may be written in the general form: z=ay?+by+-c,
where a, b, ¢ are constants.

Note that @ in this equation is not the same as SA=qa in
the original form. ‘

Axis of Parabola parallel to OY.
The equation is (x—a)?=4a (y—B).
On expansion this reduces to the form y=az*+brt-c.

Exampre. To find the co-ordinates of the vertex of the
parabola 2¢2+-3y+-4z=2.

This must be written in the form (y— B)?=4a (z—a).

Making the co-efficient of 42 unity we have

y”+gy= —2z+1
.3 9 25
S Ygytie= —2ety

.
25 3

oo a=§2~ = — 1
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. If the origin were at the vgrtex—i.e. at the point
726 3 : R

(§§’ -—;), the equation would become y2=—2z.

The parabola is therefore concave to the left, a~d since

1 . . 9 3
a= the focus is at the point ( 39 —4),

N

4/

The coordinates of the vertex may easily be found by
finding gg from the equation of the curve.

Since 292+ 3y+4x=2 4y+3+4g_z=0

. dz_ 4y+3
. ;i—g— - 4
At the vertex, since the gradient of the tangent is o
W, .9z
.o dx— * .o dy_

.. at the vertex 4y+3=0 or y= _g

By substituting in the equation of the curve we find
25

T=on
To find the co-ordinates of the vertex of y=ax®-+bz+-c.
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This has to be written in the form

(z—a) =4a (y—B)
b y ¢
We have z=+&x=( .,..~>

a a

b /b2 —
3 x’+"x+<23) +b 4:;”

(e -

. b’ —4ac
.. the vertex 1s — ox " da
Otherwise at the vertex the gradient of the tangent is zero.
. aY_
.o £—2az+b=0
N
P T
2
By substitution we find y= — b 4: 2

General Equation of the Parabola.
Suppose the focus to be at the point (2, 3) and the directrix
to be the line 3z+4y=12.
Y

p

)
AN

Fra. 71

If P (XY) be any point on the curve
8P2=(X—2)*4(Y~—3)?
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.Also the perpendicular from 4P to the diregtrix is
3X+4vY—12
5

S (X2 H(Y-3)=

or 16X249¥2—24 XY —-28X—54 Y4181 =0
. XY lies on the curve
1622 4-9y* —24xy —28z—54y+181 =0
It will be noticed that the terms of the second degree
1622 +9y*—24xy form a perfect square, and tlss is charac-
teristic of all equations of the parabola.
The general equation of a parabola is
(az+by)*+2g92+2fy+c=0

ExampLe. Find the parabola with axis parallel to OY
which passes through the points (0, 0), (10, 12), (30, 8).

The form of the equation will be y=aa?+bz+-c.

Since it passes through the three given points we have
0=c, 12=100a+-10b+¢, 8=900a-+}300+c.

Hence a= _i%(_) b=g, and the equation is

and since SP:=PM?

(3X+av=iay
5

7 5
y= —ip® T3
EXAMPLES XIV

1. Find the equations of the following parabolas :—(i.) Focus
at 2; 0. Directrix z=0; (ii.) Focus at 4, 0. Directrix z=—4;
(iii.) Focus at 0, 4. Directrix y==0. (iv.) Focus at 1, 2. Directrix
3z—4y=>5. (v.) Focus (—2, 0). Directrix z=2. (vi.) Focus
(0, —2). Directrix y=2; (vii.) Focus 0, 0. Directrix y=4.

2. Find the equations of the 'following parabolas :—(i.) Focus
(2,2). Directrix z=—2; (ii.) Focus (—2, 2). Directrix z=0;
(iii.) F4ocus (1,2). Directrix y=4; (iv) Focus (1,2). Directrix

Ly=—4.

3. Find the co-ordinates of the vertex and focus and the equa-
tion of the directrix for the following parabolas :—(i.) y=a2*+z;
(i) y=322—2z; (ili.) z=2y2—4y-+1; (iv.) y*+2z—y+2=0:
(v.) *4-6z—y+44=0. :

G
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4. Find the equation ::f the tangent to y=2a? at the poirt
P on the curve whose absdissa is 2. If this tangent cuts the Y.
© axis at T, find the co-ordinates of T. Find the length SP and
prove that it equals ST.

5. Find the equation of the normal to y2=4z at P (1, 2).
If it meets the X axis at G find the co-ordinates of @. If PN
is the ordinate of P, find the length of NG.

8. Plot the system of curves given by y?=2kr when
k=%, 1,2, o, —~1,0.

7. Write down the equations of the following parabolas if
the vertex were at the origin, the axes being parallel to their
original directions :—y?+-2y+2-+4=0, 4224-z—y-+2=0.

8. The cable of a suspension bridge is a parabola. The
roadway is b feet below the lowest point of the cable. The
span of the bridge is 50 feet, and the tops of the piers are 15
feet above the roadway. Find the s.L.R. of the parabola.
If the road is supported by vertical chains at intervals of b
feet, find their lengths,

9. The iltder of a railway bridge is a parabola, with its
vertex at the highest point, 10 feet above the ends. 1If the span
i8 100 feet, find 1ts height at 10 feet, and 20 from the emid-point.

10. The curve described by a projectile when air {esistance
is neglected is a parabola whose equation is of the form
y=a+bz+cz®. Find the constants in this equation if a ball
18 projected from the origin at an angle of 456° and hits the
ground 20 feet away. Find the highest point reached and the
height of the ball when it has travelled 5 feet horizontally.

11. Find the angle of projection of a body whose path is a
parabola and which, starting from the Point (0, 4), passes
through (20, 6), and (80, 0). How high is the body when it
has travelled 40 feet horizontally ?

12, Prove that a graph showing the relation between the
area of a circle and its radius is a parabola.

18. If the air resistance R to a projectile partly varies as the
velocity of flight (v) and partly as v? show that the graph
giving the rclation between R and v is a parabola. Find the

co-ordinates of its vertex if the constants are % and )\ re-
spectively. :
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<14, Plot the system of curves gi'.en by y*=2kz-+k? as k

varies (positive or negative).

15. Find the equations of the parabolas given (i) Focus
(1, 1). Directrix 3z—4y=2; (i.) Focus (2, --1). Directrix
42+3y=>5. Find the equation of tLe axis of each of the above
parabolas.

16. Find the co-ordinates of the point of intersection of the
axis and the directrix of the parabola whose focus is at (2, 2)
and directrix the line 3z—4y=>5. Find also the length of its
Latus Rectum.

17. Find the equation of the tangent to y?==daz at z,y,,
and prove that it can be written in the form yy,=2a (z+=z,).

The Ellipse.
On squared paper take a point $, 3 units from a line XD,

and let the eccentricity of the ellipse be —;

sSA 1 . .
If XA=2 then SA=1. AX=3 and A is a point on
. SA! ]
—_— ly .
the curve. Also if SA'=3 then A!X=6. . ATX™3

and Al is another point on the curve.
Draw &n arc with 8 as centre and radius 1'5, cutting the
line 3 at P,, P,, also an arc with radius 2 cutting 4 at

L} 1] \¢
IR N .
! v
' : ;Pi : ] : :
' ! 1 ' [ 1 1
i ] ] ' 4
: bt X
] S W TR S
] 1 i . 1 ' '
P NSRS
R
Fic. 72

Q,, Q. .. and so obtain a series of points on the curve.
Bisect AA! at € and mark off S'A!=SA, AlX!=AX.
Then we can describe the same curve by taking s! as

the focus gnd X'D! as the directrix.



92 CO-ORDINATE GEOMETRY

¢
To prove €8=e CA ({

CA=¢ CX
Since  sA=e¢ AX (i)
and SAl=¢ A'X (ii.)
+ + l ¢
X' "As ¢ s & |X
Fia. 73
By addition 8A4SAl=¢ (AX+A!X)
s.e. AAl=¢ XX! since AX=A'X!
J. CA=¢ CX
CA is usually called a soex="

e
By subtracting (i.) and (ii.) $s'=e AA! since S'A'=SA
*, CS —e CA=¢ea

Equation of the Ellipse,
Through € the centre of the curve draw YCY! at right
angles to XX
Take € as origin and €X!, CY as axes.
Let P (z, y) be any point on the curve, then}
SP = (ae+z)?+y?
PM2= (XC+CN)?

a 3
=(5+2)
.. since SP=¢ PM we have
a  \3
(ae-ta)+yr=er ()
whence 2 (1 —e?)+y?=a*(1 —¢?)

@ ¥y _
or atTar =~}
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£ the Y axis outs the curve at By the length €B is called
b, and since the point (o, b) is on tfe curve
2

p+m =1 o b2=a2 (1 _e’)

//G I\ ,

B 14
Fie. 74

2
The equation of the curve then becomes (%+‘z—z=l.

The relation b*=a? (1 —e?) enables us to find e when a and
b are known. AA! is called the major axis of the curve
and BB! the minor axis,

Semi-Latus Rectum.
If st if the ordinate of the point L which is on the curve
SL=¢ LM=¢ SX=¢ (CX—CS)

a
=e (z —“e)
=q—ae?=a (1 —e?)
b2
~a
™ 8
M




9 CO-ORDINATE GEOMETRY
Construction for Foel,
Since B is on the curve SB=¢ BM!=¢ (€ x)=e.%=a.

Therefore a circle with centre B and radius g cuts the
major axis at the foci.

Mechanical Construction of the Curve,
If P is any point on the curve
+  SP=¢ PM, §'P=¢ PM!
. 8P+ 8'P=¢ (PM+PM!)=¢ XX!

=2 CX=2¢ Z-2a

Fia. 76

~. 8P-+-S'P ig constant=AA?
If then a thread of length 2a is fastened at 8 and !

and kept tightly stretched by a pencil at P, the pencil as
it moves will trace out an ellipse.

Change of Axes.

If the centre is at («B) the axes of co-ordinates being
parallel to the axes of the ellipse, we have, as before (p. 77),
T=X—a; y=Y—§.

X —a)2 Y — 2
NLENLS

a
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_+ JThus the equation of an ellipl:i with centre at.(«B) and
axes parallel to the axes of co-ordinates is

(z :;‘)a +(1L;aa—)2=l

P(X,Y)
/_-C\ym
T E3
Bl

X
F1a. 77

If the major axis of the ellipse lies along the Y axis of
co-ordinates the equation of the curve is obtained by

2 2
interchanging z and y, and is %5 +%z=l'

Y

¥1c. 78
Note that when y=0, z= +b, and when z=0, y=+a.
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Auxiliary Circle.

If a circle is described on AA! as diameter its equation
will be @*+y*=a?; this circle is called the auxiliary circle,

C<+¥—~N

Fia. 79

If p is a point on this circle where CN=z we have

pN=Va?—z2.
If P is the corresponding point on the ellipse
z*  PN? . h -5
a "bT"-—-"l S PN=a\/a2-—a;’
Hence PN=3pN

Eccentric Angle.
If the angle pCN is 6 we have z=a cos 6 and pN=q sin 8

PN=ZpN=b sin 6

Hence the co-ordinates of P on the ellipse may be
written acosf, bsin®. 6 1s cdlled the eccentric angle of
the point P,

Projection of a Circle into an Ellipse.
On a plane which is inclined to the horizontal at an angle

8 given by cos 9=2, describe a circle, and project this circle



CONIC SECTIONS 97

wa to the horizontal plane. A dia leter AA! drawn paralle]
to BC will project into aa! wherd AA'=qa’. Any line pn

¢ Fi1e. 80
perpendicular to AA! will project into PN where

PN=pn cos 0=pnf—:.

The projection of the circle is therefore an ellipse whose
auxiliary circle is equal to the circle on the inclined plane.

Area of an Ellipse.

Ifa sgf‘ies of rectangles such as PM and pM is drawn in
the ellipse and its auxiliary circle respectively, the area

PM =2pM since PN=pr. As NM is diminished the sum
a

Fia. 81

of the rectangles PM approaches the area of the ellipse and
the sum of the rectangles pM approaches the area of the
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circle. Hence, in the ‘l\‘mit, the area of the ellipse ier%

times the area of the circle =2(r¢a3) =nab.

Exampie. To find the centre of the ellipse whose equation
is 22%+4z+ 4yt —y=2.
y=er_,
[

This must be written in the form *~ (@— a)

—5—

We have :c’+2a:+u=1
V’+2Z+1+r (92“!/"‘1) 1+14-3
. (z+1p (y—v)’__
RGN
The co-ordinates of the centre are therefore —1, 3. If the
origin were at the centre the equation would be

A
ttes™

Here 1—81=b’ and I—Z-zaz, therefore the major axis is parallel

to the Y axis.
Its eccentricity 18 given by b*=a?%(1—e?)

17
S g=g—e)
* c___l_
Y
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EXAMPLES

1. Find the equation of the ellipse whose centre is at the
origin, and for which a=4, b=2, when the major axis (i.)is along
OX; (ii.) along OY.

2. Find the equation of the ellipse ceatre (2, 1); a=4, =2,
and the major axis parallel to OX. Find also the eccentricity
of this ellipse.

8. Find the co-ordinates of the centre of the following
ellipses: 92°—36z-44y°4-16y=0;  42°4162+49y>—36y=0;
22 —2z4-4y*—16y—2=0. -

4. Find the co-ordinates of the foci of the ellipses given in
Qn. 3.

5. Find the equation of the ellipse having a focus at (1, 2)
directrix 3z-4y=>5, and eccentricity %

2 2
6. Find the equation of the ellipse %+"—2—=1, if its centre

were at (i.) 1, 2; (ii.) —2, —3, the axes of the curve being
parallel to OX and OY.

7. Find the equations of the following ellipses if the centre
were at she origin :—

(i) -‘3—23)—2#1;—9)2 =1. (i) 224+22+2y2—6y=0.

8. Given two fixed points A and B, where AB=6. Find
in its simplest form the equation of the locus of a point P
which moves so that PA4-PB=8,

9. A circle radius r, is drawn inside a larger circle whose
radius is r,. A third circle,is drawn touching both circles.
Prove that the locus of its centre is an ellipse.

10. Find the eccentricity of the ellipse whose semi-axes are
4 and 3.

11. An ellipse is described by using an endless string which
is passed over two pins. If the axes are to be 6 inches and 4
inches, find the necessary length of string and the distance
between the pins.
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12. Find the equationfof the ellipse referred to its axes
a8 axes of co-ordinates g{ven (i.) that it passes through the

points (2,2) and (3,1); (ii.) major axis 18, eccentricity 35 (iii.) foci

at (4, 0) and (—4, 0), eccentricity %; (iv.) distance between
foci=8, minor axis 6.

13. A circle of radius 3 feet lying on an inclined plane is
projected on to the horizontal plane. If the inclination of the

2 . . ..
plane is cos-! 3, find the equation of the ellipse (origin at the
centre) into which it projects, and find the area of the ellipse.
14. A vertical cylindrical pipe radius 6 inches passes through

a roof which slopes at 60° to the horizontal. Find the area of
the hole in the roof through which it passes.

15. Show from the relation SP +S!P=2a that if the two foci
coincide the ellipse becomes a circle. Hence show that the
eccentricity of a circle is 0 and that the directrices are at an
infinite distance from the centre.

16. Compare the areas of the triangles whose angular points are

b
€ (0,0), P (zy9s), @ () and € (0,0), p (21 22 ), ¢ (23 *%2),
Hence show that if P and Q are two points on the‘auxiliary
circle, and p, ¢ the two corresponding points on the ellipse the

area cpq=g area CPQ.

17. Find the distance SB in an ellipse whose equation is
422-4-9y*=36.

18. The major axis of an ellipse lies along O Y and the centre
is at (0, 1). If the semi-major axis is 2 and the eccentricity is

715, find the equation of the curve.

19. Two lines, A'OA (6 inches) and B!OB (4 inches), meet at
right angles at 0.  On the edge of a narrow strip of paper take
a point € and mark off along the edge CP=OA and CD
=0A—0B. Place the strip so that C lies on B0 and D on OA,
and mark the locus of P. Suppose the strip to make an angle 6
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with Al0A and write down the co-afdinates of P referred to O
'8 origin, and OA, OB as axes. Pryve that P lies on an ellipse,
and find its equation.

20. A point moves 8o that the sum of the squares of its
distances from two given sides cf an equilateral triangle is
constant and equals 2¢. Prove the locus is an ellipse and find
its eccentricity.

The Hyperbola.

Construction. When the eccentricity is greater than 1
the conic is a hyperbola.

3
Suppose e=3.
Take a point, S, 5 units from XD.. Then A on $X 2
units from XD is on the curve.

4

D D

S

et
U [ < ]

w

P P Dy XY

m\
o
>,
x\
+0
=
>

F1e. 83

With § as centre draw an arc of radius 6 units cutting
the line 4 at P, P,, and so on as in the ellipse.

Again if SA' be 15 units then A'X=10 units, and
SA! 3
ATX 2

The curve has therefore two branches.

Let ¢ be the mid-point of AAL Mark off 8'A'=sA

.. Al s a point on the curve.
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and A'X!'=AX. Draw X'D! parallel to XD. Then 8+
is a second focus and X! @ the corresponding directrix.
Prove as for the ellipse that CA=e CX, and C8=¢ CA=eg.

Equation of the Curve.

Take C as origin, €S as X axis and a line at right angles
to it through € as Y axis.

M P(xy)
B 1
5. :c\' X' c x| A l
! " S N
B
e
F1c. 84

Let P (z, y) be any point on the curve and show as in the
ellipse that
Cal
a? et (1)
Now by analogy with the ellipse take b*=a® (¢3—1), then
the equation reduces to
2y =1
a b
When z=0, y*=—b?, which makes y imaginary, so that
there is no point on the curve ‘whose co-ordinates are o, b.
The line AA!=2qg is called the transverse axis, and if
CcB=CB!=) is marked off along €Y, BB! is called the con-
jugate axis.
If a=>b the hyperbola is called a rectangular hyperbola.
lts equation is f: ¥'—1or z?—y’=a?

Tat
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mnge of Axes.
If the centre is at the point («, ), sh.w that the equation
of the curve will be

(@—a)® (y—f)'_;

a® bt
Mechanical Construction.
§1P —SP=constant,
If P is any point on the curve
SP=¢ PM
8'1P=¢ PM!
S, S!IP—8SP=¢ (PM‘—PM):e XX!=2¢ cX=2qg
.. 8'P—SP is constant.

m’ M /

P

s’ X" C X S
Fia. 85 )

Two strings, SPK, $'PK, of unequal length, are fastened
at 8 and 8!. KS is kept taut and rotated round S while
& pencil at P keeps the shorter string in contact with the

B S
Fi1a. 86

longer at P. The locus of P is a hyperbola, for
8P—8!'P=8PK—S'PK=constant
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EXAMPLES XVI
1. Find the co-ordinaf’s of the foci of the hyperbola
42— 3y=5,

2. Find thelength of thetransverse axis, theco-ordinates of the
centre, and the value of the eccentricity of the following hyper-

1) 1y2
bolas:—(1) 5~ ¢ i) 4o yr16042y=13.

8. Find the equation of the hyperbola having its focus at
(—1, 1), corresponding directrix the line z+y—2=0 and
eccentricity /3.

4. Two fixed circles external to one another are touched by
a third movable circle. Prove that the locus of the centre of
this circle is a hyperbola.

5. A gun is fired from a point A. The sound reaches a point
B at 1 o’clock, a second point, C, 2 seconds later, and a third
point, D, 3 seconds after C. No three of these points are in a
straight line. The velocity of sound being constant, prove
that A lies at the intersection of two hyperﬁolas.

8. Find the eccentricity of the following hyperbolas:—

2
(i.)%-—‘tle ; (1) %—g:l. Trace the curves roughly.

7. Find the equations to the following hyperbolas referred to
their axes as axes of co-ordinates:—(i.) given a=Y, b=2;
(ii.) given that the conjugate axis is 5 and the distance be-
tween the foci is 13; (iil.) distance between the foci =12 and

eccentricity =;.

8. Find the eccentricity of a rectangular hyperbola.
9. In a rectangular hyperbola prove that SP.8!P=CP2

10. The report of a rifle and tke sound of the bullet striking
a target reach several men on the same level as the range at
the same moment. Prove that all the men lie on the same
hyperbola. _

11. Distinguish between the following curves :—(i.) 2 —y®=0;
(ii.) 22+y*=a?; (iil) 2°—yP=a’

12. ABCDE are points along a straight line. AB=1 inch,
BC=2 inches, D=1 inch. For any position of E draw a
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wigJe with centre A and radius BE %6 meet a circle centre D
and radius CE at P. Prove that the“locuﬂ of Pis a hyperbola.

13. If z is large show that the equatlon xz b2_1 can be

written in the form y= * (%— aby 2/ approximately and hence

show that it approaches the position of two lines drawn through
the origin.

14 Prove that the straight lines z—g=m and 2-—}-%:

1
b m

always meet on a hyperbola.

15. P (z,y,) is any point on the hyperbola :z:_: Z—a—-l PN
is drawn perpendxcular to AA!, prove that AN.AN=z,’—a?
PN?
and Z AN.AIN " a?

Parameters.

It is often convenient to express the two co-ordinates
of a point in terms of a single variable generally called a
variable parameter. For instance, the co-ordinates of a
point on.the circle z2-+y*=a? may be written z,=a cos 6,
yy=a sin 0,

These points satisfy the equation of the circle, and instead
of having two expressions z; and y, connected by the
relation z,2+y,2=a? we have only one variable, 6.

Similarly the co-ordinates of a point on the ellipse

2 2
¢%+%—§=1 may be written z,=a cos 6, y;=b sin 6. In this

case 6 is the eccentric angle ‘of the point. (See p. 96.)

The co-ordinates of a point on the parabola y*=4az may
be written z=at?, y=2at. We may give any values we

* please to ¢ and obtain the corresponding values for z and y.
The values so obtained will always be co-ordinates of
points on the parabola as they always satisfy the relatiorj
y*=4az.
H
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EXAMPLES XVII

1. Prove that if x=a(’ cos, y=a s&in6, then the locus of
the point (z, y) is a circle.

2. Find the Cartesian equations of the curves given by
(i) a=1+4¢, y=2+3¢, (i) z=ai’, y=2at; (iil.) z=ct, y=§.

8. Show that for all values of 6 the point given by
2=a c036-b sin 6, y=a sin6—>b cosH lies on a circle.

4. Prove that z=t*+41, y=t-+1 represents a parabola.

5. Prove that if 2=3+2 cos 6, y=44-2 sin 6, the locus of
P(z,y)isacircle. Find the position of the centre and the length
of the radius. °

6. Show that if z=a sec 6, y=> tan 6, the locus of (z, y) is a
hyperbola.

7. Prove that if am? 2am are the co-ordinates of one end
of a focal chord of a parabola the co-ordinates of the other are
a —2a
o

8. If z=t+% and y=t—%, find the equation of the locus of

(z, y) a8 t varies.

3at 3at? .
9. If =118 V=TT find the equation of the locts of (z, y)

as t varies.

10. If z=a cos 26, y=> sin 26, find the equation of the locus
of (z, y) as 0 varies.
¢ -1 t 99—t
1L If z=g—-g?—— =2——2§——, show that the point (z, y) lies

on a rectangular hyperbola.

12, OA (a) and OB(b) are twor lines at right angles. A semi-
circle is described on OA as diameter, and through B is drawn
a line BC parallel to OA. 0Q, which makes an angle 8 with
OA, cuts BC in R and the arc of the circle in Q. P is the inter-
section of a line through Q parallel to OA and a line RN through -
R parallel to OB. Express the lengths of ON and PN in terms
of a, b, 6. Calling ON, z, and PN, y, show, by eliminating 6,

Bthat the locus of P is the curve y= ; -:b"
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I‘u;jhor Problems on Loci.

"The following examples will illystr:‘e vurious methods
of dealing with problems on loci.

1. AP and BP are two lines drawn through fixe( points
A and B such that the angle APB is constant. To find the
locus of P.

Take AB a8 X axis and the perpendicular bisector as
Y axis. Let APB=« and AB=2q.

Suppose the gradient of AP to be m and of BPm!. Then
the equation of AP 1s

==m (z+a) (i)
and of BP y—O—ml (z—a) (il.)
ml—m
A.l&) tan G=I+’”Tml

A(-u,0) (o} B(a,0)

F1a. 87
If we eliminate m and m! between these equations we
shall get a relation between x and y of the point P, since
(i.) and (ii.) taken together determine the z and y of their
point of intersection.
Now m=-Y— from (i) and ml=w~%¢i from (ii.).

Tt+a

)

- tan a_ny:L e/ 28

. 1+ ya wa+y ___al
mz_az

& (z*+y?) tan «—2ay—a? tan a=0
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This. is evidently thesequation of a circle.
To find the centre, wé: have :
z*+y*—2ay cot a=a?

ie. z3+y?*—2ay cot «+a® cot® a=a® (1+cot? «)
i.e. 2?4 (y—a cot «)*=a® cosec® «
.. centre is (0, a cot «) and r=u cosec «
Verify this by geometry.

2. A fixed point A inside a circle is joined to any
point B on the circumference. Find the equation of
‘ the locus of the mid-point

of AB,

In order to have the
equation of the circle in the
simplest form we take the
origin at the centre. A
further simplification is in-
troduced by taking the line
joining the centre to the
point A as ope of the
axes. . '
We require th8 relation
between the co-ordinates of the point P. Let XY be the
co-ordinates of P and a the distance of A from 0.

Since P is the mid-point of AB, we have, if z, y are the
co-ordinates of B:

Fia. 88

otz Y
Since z, y is a point on the circle we know the relation
between z and y; we therefore now express z, y in terms
of X and Y.
z=2X—qa y=2Y
But z2+y2=r? s (2X—a)i - (2Y)2=12
s 4X24+4Y2—4aX+a?—r*=0 is the equation of the
required locus.
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- & Two fixed lines at right angles to one another are
cut by a third line of given lengthdat A and B. Find the
locus of the point P on AB which divides AB in the ratio
BP: PA=]:2, :

We take the two fixed lines as ax~s. It is required to
find the relation between XY the co-ordinates of P.

O A
Fia. 89

Let AB make an angle 6 with oA, and let I be its length,
l 2l

then BP=§ PA= 3"

. ! .
From the figure we see X=3 cos 6, Y=2§l sin 6.
.. . .
Since we know the relation between cos 6 and sin 6 we
now express cos 6 and sin 6 in terms of X and Y.

3x 3y
cos 0=w-l_ gin 6= 5
2 gy?
But cos? 6+sin? 6=1 . ?l): ‘.)4\1!2 ]

which is the required equatiop.

Alternative Method.

Let the intercepts on the axes be 0A=a, 0B=b.
The co-ordinates of P dividing BA in the ratio 1 : 2 will be
2b

x__ ____
3 Y=
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If I be the length of AB we have a®4-b2={2,

But dosx, b=§2l’

2
9)(’+?%,—=l2 is the required equation.

EXAMPLES XVIIl

1. Find the locus of .the centre of a variable circle which
touches a fixed line and a fixed circle.

2. Given the focus S of an ellipse and the corresponding
vertex, show that the locus of the extremities of the minor axis
is a parabola having its focus at §.

3. If the base of a triangle be given and the product of the
tangents of its base angles, show that the vertex lies on an
ellipse.

4, Any point P on the ellipse 3:—]—%::1 is joined to B.
Find the equation of the locus of the mid-point of BP.

6. If M be the mid-point of a chord, PP! of an ellipse, MT
the perpendicular on a directrix, and § the corresponding focus,
prove SP+SP!=2¢eMT. Hence find the locus of theé;mid-point
of a chord when the sum of the distances of its extremities from
a focus is constant.

6. Find the locus of points which divide the ordinates of
y*=4az in the ratio :m.

7. Find the locus of the mid-points of lines joining the vertex
of a parabola to any point on the curve.

8. M is a fixed point in a fixed straight line KL. A circle
of radius 1 inch rolls along KL'and MP the tangent to it from
M touches the circle at P. Find the equation of the locus of P.

9. A rod AB hinged at A rotates in a vertical plane. A
cord fastened to B supports a weight W. Find the locus of
W as the rod rotates.

10. Two concentric circles, radii r, R, are described about &
fixed point C as centre, and any radius vector CPQ outs them
in P and Q. A rectangle, PAQB is described about PQ as
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disgonal with PA, PB parallel to thesxes. Prove that as the
direction of CPQ varies the points A xind B move upon ellipses,
and find their equations.

11, A rope 30 feet long is hanging vertically from the roof
of a gymnasium and just reaches the floor. A man puts his
finger against the rope at a point b fee’. from the ground and
walks forward in a straight line, keeping his finger always the
same height above the ground. Assuming the upper part of
the rope to keep straight, find the equation and eccentricity of
the curve described by the free end of the rope.

12. Draw an isosceles triangle, ABC, having AB=4 cm,,
BC=4 ¢m. On BC take a point P and let CP=a cm. The
figure represents 2 rods AB, BC, smoothly jointed at B and
lying on a table. The point A is fixed to the table and C is
constrained to move along the line in which AC is lying at first.
Show that as C moves towards A the point P describes a portion
of an ellipse, and find the value of @ if the eccentricity of the
locus is 05.

18. Straight lines parallel to y=*kz are drawn to cut the 2
given lines y=mz and y=nz. Find the equation of the locus
of the mid-points of the parallel intercepts.

14, A(a, 0) and B (—a, 0) are two fixed points; through them
the lines AP, BP are drawn so that the gradient of AP - the
gradient (.)f BP is constant. Find the locus of P.

15. Through two fixed points A (a, 0) and B (—a, 0) lines AP,
BP are drawn so that AP=ABP, find the locus of P. Draw
the locus when A=2 and when A==].



- CHAPTER VII
EQUATIONS OF TANGENTS TO THE CONIC SECTIONS
Circle,
We have ‘seen on p. 35 that the gradient of the tangent

to the circle 2?+y2=r? is given by ZZ = —5. At the point

z,y, the gradient is therefore —g—:.
The equation of the tangent at z,y, is
Y¥—=4%= -4 (—=1)
1

te. Yy Haeey=x,"+y, =12
or x4y, =12

Tangent to x2-+y%+29x+2fy+c=o0 at xy,.

As on p. 35, we take a point P (z, y) on the curve and
another point Q near P, whose co-ordinates are z- 5z and
y+3y.

Then (z+82)*-+(y+3y)*+2g (z+ 32)+2f(y+ 3y)+c=0.

Proceeding as before, we find

22+ 3z+2y gg +<§%') 3y+2g+-2f gg:o

As 3z approaches zero, 8y approaches zero and %

approaches its limiting value %
. oy — L8y ztg
. ‘Tx(y+j)_ —(w+y) . dz— "‘Ff

113
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- At the point z,y, the gradient is therefore - aty

hit+f

and the equation of the tangent is
y—p= =714 @)
or yn—y+yf—y f= —o2+2,2—grtgz,
te. @3-y, 297, Hfy =22 yy gy
But since z,y, is on the curve
22 +y2+292,+-2fyHo=0
z 2+, 92 +Hfy = —g2,—fy —c
Hence the equation of the tangent becomes
—g7,—fy1—c=2z,+yy+92+fy
or zz,+yy1+9 (@+2,)+f(y+y,)+e=o
Otherwise. The gradient of the tangent may at once be
obtained by using the differential notation.
Since x?+y2+2g92+2fy+c=0
- 2wdz+-2ydy+-2gdz-+2fdy=0
.4y _ztg
“dz S
N.B.—It will be found that for all conics the equation of the
tangent at (z,y,) may at once be written down by writing zx, for z?,

vy, for y*, z+z, for 2z, y+y, for 2y and =zy, +yz, for 2zy in the
equeation of the curve.

Parabola. y*=4dax.

As before, we take the points P (z, y) and Q (z+ 3z, y+ 3y)
on the curve and obtain CEl:g@

de y
The equation of the tangent at z,y, is therefore
2a
yh= (z—1,)

which reduces to yy,=2a (:c+z,).
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Ellipse. |

The gradient of +y’¢_1 will be found to be gi b:; H
and the equation of the tangent at 2,9,
Yy—th=—" " (93 —,)
reduces to m‘+yby21
Hyperbola.
In a similar way the tangent to the hyperbola will be
found to be %—%’:1

Equations of Tangentfs in Terms of a Variable Parameter.

The gradient of the tangent when the co-ordinates of
any point are given in terms of a variable such as ¢ may

dy_dy dt
easily be obtained by the relation idt C iz
dy
dy dt
or 7o =dz
dt
The gradient of the tangent to a circle at z=a cos 6,
dy
y=a 8in 6 i8 g—z.—:g—g
do
Now de—-—a 8in 6; ‘fle_a cos 6 o ZZ =—cot 0
For the ellipse, show that the gradient at the point
dy bcosb

z,—a co8 6, y,=bsing is -L=——"—_,
i Y dr  asin®
1

For the parabola at (at,2, 2at,) show that giz =,
1
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EXAMPLES $iX

1. Find the equations of the tangeﬁﬁh to the circle 22442=13
at the points on the curve where z=2.

2. What is the equation of the tangent at the origin to the
circle z2+y*—bx+-6y=0.

8. Write down the equation of the tangent and the normal
to the circle 22+ 2+ 3z—2y=0 at (—3, 2).

4. Find the equations of the tangents and normals to the

2

following curves:—(i.) y*=6z at (g, 4) 3 (i)e g——}—‘Z—z=1 at
(zyyy); (iil) 224-5y*=14 at (3, 1); (iv.) 22+z+y=3 at (1, 1).

5. Find the equation of the tangent to the curve 8y=21 at the
point z,y,.

6. Show that the line y=2z meets the curve 2y=4? in three

points at two of which the tangents to the curve are parallel.

7. Prove that the parabolas y*=az and z®=ay cut one

another at an angle whose tangent is -2

8. The ghain of a suspension bridge is in the form of a para-
bola. The span of the bridge is 200 feet and the dip of the
chain is §0 feet. Find the length of the Latus rectum. Find
the slope of the chain at its ends. If a tangent at the end cuts
the roadway at P, find the distance of P from the middle of the
bridge, the roadway being 6 feet below the lowest point of the
chain.

9. From a fixed point (% k) a line is drawn at right angles
to the tangent to the parabola at P meeting a parallel to the
axis through Pin Q. Prove that the locus of Q for different
positions of P is the curve y (z+2a—h)=2ak.

10. Find the gradient to the curve z=ai®, y=2at at the point
where t=1.

11, Find the equation of the tangent to the curve given by
z=t*4-2t—3 and y=2¢ at the point where t=1.

12, Find the gradient to z=a c0s6-4-b 8in 6, y=a sin 6—bcos6

T
where 6=
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13. The ordinate at F on an ellipse meets the auxilicry
circle at p. Prove that fthe tangent to the ellipse at P and to
the auxiliary circle at p meet the X axis at the same point.

Conditions for Tangency.
Note on the Roots of a Quadratic. The roots of the quad-
ratic az®+bz-+c=0 are
a=—b+\/b2——4ac B —b—Vb:—dac

2a 2a
-b c
Hence . afB= . uB=‘;
The roots will be equal if b*—4ac=0 and then
b
o= =—-2—a—_
If ¢=0 the quadratic reduces to az*4+bz=0 or
z (az+b)=0. ;. o=0 or —b

«
Hence one of the roots is zero if ¢=0.

If also b=0 then the other root —_S becomes zero, 8o that
two roots are zero if ¢=0 and b=0.
Let a:=?1/, then the equation becomes a+by+-cy*=0.
If a=0 one of the values of y is zero.
.". since z=}/ one of the roots of z is infinite

If a=0 and =0 two of the values of y will be zero and
therefore two of the values of z will be infinite.

Condition that y=mz+b should touch the circle 2?+y2 =12,
If we are given the gradient m of a line it will be seen
from a figure that two lines with this gradient will touch a
given circle. It is required to find the value of b, which
will make the line y=maz-b (i.) a tangent to z3-y2=¢* (ii.)
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_ df the line cuts the circle, the two points of intersection
will be found by solving the equaijiors {i.) and (ii.). Thus
z, and zg the roots of the equation

22 (ma--h)E=r?
or 22 (1+m?)+-2mbz+b? —r2=0
will give the absciss® of the two points P, and P, common to
both the line and the circle,

N

Fig. 90

If the line is a tangent, z,=z,. The condition for this is
4m*b2=4(14+m?) (b*—r?)
from which b=+rvV1+m?

.. the line whose equation i8 y=mz+ry/1+m? will be
a tangent to z®4y*=r>

If m=tan 0, 14+m2=sec?’0, and .". b=+r sec 0, which is
clearly the case from a figure when the line is a tangent
(oT, in Fig. 90).

Condition that y=mx-+b should touch the Parabola y*=4ax.
The points of intersection of the line and the curve are
given by (mz+-b)*=4ax
or 22m?+z (2mb—4a)+b*=0 (i.)
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The condition for equal roots is 4 (mb—2a)*=4mb?

i.e. { p=23
m

.. the line y=mz+1% is a tangent to the parabola

y*=4az.
The point of contact is
_ _o (mb—2a) ,
o= —2 *——— from (i)
(a—2a8) a
Since y¢=4a:v we have ya=4a£2 - y=§s

Hence when we take z=at?, y=2at as co-ordinates of a
point on the parabola y®=4ax, the ¢ represents the co-
tangent of the angle between the tangent to the curve and
the X axis.

Condition that y=mz-+c should touch the ellipse 2:-{-%::_—1,

N.B.—We take ¢ for the intercept of the line to avoid confusion
with the b of the ellipse.

A method similar to that described for the circle will give
c=%va?m?+b?% and therefore the line y=ma++/a2m?+ b
is a tangent.

If b=a the ellipse becomes the circle whose radius is @
and the condition reduces to c=%aVv1+m? as before,
(See p. 105.)

For the hyperbola we shall have c=*+/a*m*—b?, and
the tangent is y=mz*V/a*m?—b?,

These equations for the tangents to conics are usefully
employed when there is no necessity to introduce the co-
ordinates of the point of contact of the tangents.
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ExampLe. The locus of the poisf of intersection of two
tangents to an ellipse at right angles,to one another is a circle.

Let X, Y be the oo-ordinates of tio required point P. The
line y=mz++/ a?m?+b? is a tungent to the ~llipse and since
P (X, Y) is on it we have Y=m X+ a?m?}-b% or (Y—mX)?
=a?*m?*+b3—i.e. m*(a®—X3)+2YXm-- 52— Y2=0.

For any given position of P we have thereiore a quadratic to
determine m the gradient of the tangent through P.2 Since the

—_¥2

two tangents are at right angles mymy=—1, i.c. Z—z:—}z=—
or X24- Y2=q2--b2,

P (X, Y) therefore lies on the curve z24-y2==a24-b? which
is a circle with its centre at the centre of the ellipse. It is
known as the Director Circie.

EXAMPLES XX

1. Prove that 3z---4y=24 touches the curve zy=12.

2. Find b if 4y=32z-+4b is a tangent to y*=8z.

8. Find the equations of the tangents to the following conics,
which comply with the given conditions :—(i.) y*=4x, gradient
% ; (ii.) 2**y*=16, gradient —% ; (iil.) z*—4y>=36, perpendicular
to z—y-}:4=0.

4. What is the condition for 4y—3z=4k to be a tangent to
2 yP=12 1

5. Find the equations of the tangents to the ellipse ) +7 =1,
which make 30° with OY.

6. Find the value of ¢ if z4y=c touches 224 3y2=4.

7. Prove that lz-+-my=1 touches (i.) y*=4az if l=—am?®;

2
(ii.) §:+%~,=1 if aPLbme=1,

2
8. If z cos 45°+y sin 45°=p touches Z:-—zg=1, find the
value of p.
9. Prove that if the line z cos a-y sin a=p touches the circle

(z—h)2+(y—k)?=1® then % cos a+k sin a—p==7, and explain
the double sign.
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10. A circle is described to pass through the origin and, to
touch the lines z=1, z+y=2, prove that the radius r is a root
of the equation 72 (3—2+) 2)—2r4/24-2=0.

11. Find the points on an ellipse such that the tangents
there are equally inclined to the axes. Prove that the length

TR
of the perpendicular from the centre on either is \/ a+b

12. In an ellipse whose semi-axes are 4 and 3, find the co-
ordinates of the points of contact of the tangents which make
angles of 45° with the axes, and find the area of the square these
tangents enclose.

13. Find the equation of the tangents to the circle
2%+4-42—2z==3 which are parallel to 3z-+4y=0.

14. Find the ponts on the parabola y*=d4az at which
(i.) the tangent, (1i.) the normal is inclined at 30° to the axis.

15. Find the equations of the tangents to the parabola
y*=9z which go through the point 4, 10.

16. Which of the straight lines =0, =1, =2 is a tangent
to 222+ 3zy+y*+2+y+1=0? Ascertain whether the others
cut the curve in real points.

17 Fmd the equatxons of the four common tangents to
2—}- bz"'l and b2+ —1
18. Show that the locus of the mid-points of the portmns of
the tangents to = Y 62_1 cut off by the axes is -, —3::4.

19, Find the co-ordinates of the point of intersection of
tangents drawn to a parabola at the points (af,% 2at,),
(atg®, 2aty).

Locus of the Mid-Points of Parallel Chords.
When a straight line cuts a conic the equation giving the
absciss® of the points of intersection is a quadratic in z.
If z, and z, are the two roots of this quadratic, X the
sbscissa of T, the mid-point of PQ, is equal to 1—"%—'5-9
(Fig. 91.)
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~ Similarly if y, and y, are the orflinates of P and. @, and

v the ordinate of T, Y=3L'2*:Z_=.

Circle.

The quadratic whose roots give the abscisse of the points
of intersection of the line y=maz+b and the circle z?+y2=92
i8 22+ (ma+-b) =1 or z*(1+4-m?)+2mbz+b2—r2=0

. 2mb
S TytHTy= — it

. x 0t mb
. 2 14-m?
N .

Plx,5)
\(XY)

Q(=.7,)

° JEIN

Fie. 91
Similarly the ordinates of P and Q are given by

—b\®
() +o=rt
y® (1+m?) —2by+b*—m?*r*=0
° Y=y——-——~—l+y2= b
: 2 14+m?

vy 1 RV
m

or

X T
Hence T lies on the line y= —717‘9:, which is the equation

of a line through O at right angles to y=mz--b.
1
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Parabola.
The points common te y=mz-b and y*=4az are given by
—4g (U0
y'= ( m )
or my*—4ay-+4ab=0
o Y=?/1+y2=2_a
2 m

and since this is constant for a given value of m the locus
of Tis a line parallel to the axis of the parabola.

As @ approaches P the chord approaches the position of
a tangent, which therefore touches the curve at a point

whose ordinate is %‘E' Since this point is on the curve the

S 2a\? a
absoissa 18 given by (E> =4az or T=—3
The quadratic for z is (mz+b)*=4az
or m2z?+(2mb —4a)z+-b*=0
x=z—‘g~:—v—’=2—a’—;—a@, which depends upon the value
of b.

Alternative Proof,

Let a secant drawn from a point P (X, Y) cut a curve
in A and B, then if r be the distance PA, and 6 the in-
clination of the secant to the X axis, the co-ordinates of A
will be X4 cos 6, Y--r sin 6,

But this point is on the curve, so that if the curve is a
parabola with equation y®=4az we have

(Y+r sin 6)2=4q (X+r cos 6)
or ¢2sin? 8-+r (2Y sin 6—4a cos 0)4 Y2—4a X =0,

Now if B is the other point of intersection of the secant
and the curve, the values of r (r, and r,) given by this
quadratic are the lengths of PA and PB.
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If P is the mid-point of AB then ¥y= —r,
. "1+72=O“"‘ ’
t.e. the sum of the roots of this quadratic equals zero
s 2Y 8in 6—4¢ cos 0=0
or Y=2a cot 9

Fra. 92

Hence dince 6 is constant when parallel chords are drawn,
the locus of the mid-points is y=2a cot 6—i.c. a straight
line parallel to 0X.

Ellipse.
The points of intersection of y=maz+c and g;+g-:=1
are given by
2 ooy
or x? (b’+a2m2)+2moa2z+a’ (c*—b%)=0
T+2y mea?

- XETT T T
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Similarly for the ordinate

or y* (b*+a*m?) -—Zob'y-i—b’(c’-a’m’) =0
""b2+a2m=
I b?

—— e —

.o x ma’

bt .
——, 8 straight

The locus of Tis therefore the line y= — Py

line through the origin.

If the gradient of this line is m! we have m'= a:’mh or
b’
mml = — pr
a

The locus of the mid-points of a series of parallel chords
of a conic is called a diameter of the conie,

The diameter of the curve which passes through ©0
(baving a gradient m) and the locus of the mid-points of

'm) )
T
w
Fia. 93

chords parallel to this diameter (having a gradient ml),
are called Conjugate Diameters,

Hyperbola.
A similar investigation to the last for the hyperbola
z*

7 b’_l will glve - a® which is also a straight line
through the origin.
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Asymptotes.
The equation giving the points of §ntersection of y=maz+¢

and the hyperbola e —l =1

. 2?2  (mz-tc)?
N ;2—‘——,;,——’==1
or 22 (b*—a*m?) —2macz —a? (c*+b%)=0.
If b*—a®m*=0 one root of this equation is infinite (see

p- 116). That is, any line whose gradient is n= b euts

the curve in one point at infinity.
On the tangent at A mark off a length b given by

Fia. 94

b*=q? (¢*—1). Then any line parallel to OF, such as KLM
will only cut the curve in one finite point L.

If also 2maic=0—i.e. ¢=0 for m=$0 and a=+0—then
two roots are infinite—i.e. the lines through the origin whose

gradient is +Z or -g will not cut the curve at any finite

point.

These two lines are called asymptotes (& ovv wirrw).

If b=a each asymptote makes an angle of 45° with the
axes, and they are therefore at right angles to one another.
The equation of the curve is then z?—y®=
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The value of ¢ is gi;rén by b2=b?(e2—1) or e=V/2. This
hyperbola is called a Rértangular or Equilateral Hyperbola.
(See p. 102))

Equation of a Rectangular Hyperbola referred fo its Asymptotes
as Axes.

If the co-ordinates of P are z, y referred to the original

F1a. 95

axes, and X Y referred to the asymptotes as axes! we have
z=2X cos 45°4- Y cos 45°
y=Y sin 45°= X sin 45°

But 22 —y2=aq? since b*=q?
L (XY Y—X\
--(vg) (\/ﬁ)"“'
a2
or XY:t-2~

2
Hence the equation of the curve is my:%— =k a constant,

The co-ordinates of any point on this curve may be
expressed in terms of one variable parameter by taking

z=\/id, y-_—"‘i\/l‘c-
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Equation of the Tangent to the Rectetgular Hyperbola xy=*%.

Fia. 96

At the point z,y, the gradient is therefore — Z:, and the

equation bf the tangent is

y—yr= ~z—z))

(51
or TY—T 1= —§18+Yi%
. Ty
s.e. —+==2
x1+y 1
This meets the axes where t=2z,, and y=2y,
. ON=NR .. P is the mid-point of SR

Also the area of the triangle 0 R:% 0S.OR

=% (2y,) (22,) =22y, =2k=constant

If, then, we draw a series of lines SR such that A SOR
=constant, these lines will touch a rectangular hyperbola.
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EXAMPLES XXI
1. Find the equation ¢f the locus of mid-points of chords

to the parabola y*=4z which have a gradient of %
2. Parallel chords having a gradient 1 are drawn in the ellipse
%g+%z=l. Find the locus of their mid-points.

8. Find the mid-points of the chords of y?=4z that lie on
(i) y=bz—1; (ii.) y=5x—100.

4. Find the locus of the mid-points of chords with gradient
b for the curve 9z%—y*=36.

8. Find the co-ordinates of the mid-point of the part of the
line y=3z that lies inside the circle z*+y*+3z—6y—2=0.

8. The line 3z-y=2 meets the curve 42?4 y?=9, find (i.) the
middle point of the chord; (ii.) the equations of the tangents
parallel to the chord.

7. Prove that the straight lines drawn from any point of a
rectangular hyperbola to the extremities of any diameter are
equally inclined to the asymptotes.

8. The ordinate through a point P of a hyperbola meets the
asymptotes in @ and Q' and the hyperbola again in'P!. Show
that (i.) PQ.PQ'=0}? and (ii.) QP.QP1=}2 !

]
9. Prove that the eccentricity of a hyperbola equals the
secant of the angle an asymptote makes with the X axis.

10. Find the equation of the rectangular hyperbola when
the asymptotes intersect at («B) instead of at the origin, the
asymptotes remaining parallel to the axes of co-ordinates.

11. Find the co-ordinates of the point of intersection of the
asymptotes of the hyperbola zy—3z—3y+5=0.

12. Find the equation of the tangent at (2, 1) to the hyper-
bola zy=2. If the axes are moved parallel to themselves so
that the asymptotes meet at —1, 2, find the equation of the
hyperbola and of the tangent when referred to the new axes.

13. A hyperbola has OY for one of its asymptotes and it cuts
OX where z= * 3: it also passes througi (1, 4). Assuming
its equation to be of the form az®*+2hzy-+by*=1, find from
the nove information the values of b, @, and 4. Plot the curve.
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14. Find the equation of the tamdent to the rectangular
hyperbola zy=c? at the point z=ct, yr-g.

15. Find the point of intersection of the tangente to zy=:?
at the points (ctl, -;1;) and (d,, t—c;)

16. Prove that the perpendicular 8Q from the focus of a
hgperbola to an asymptote is equal to b, and that CQ is half
the transverse axis.

17. Show that the hyperbolas given by 422—16y*=k as k
varies all have the same asymptotes.

18. PN is drawn from P (z, y) on a hyperbola parallel to one
asymptote and cutting the other in N. ¢If ON=z, NP=y,

prove z=(z,+y,) ¢08 «, y=(y,—2,) sin a where tan a=_.

19. From a point P on a hg'perboln. a parallel to each
asymptote is drawn to cut the other. If these points of inter-
section are M and N, prove that the rectangle PM, PN is
constant.

20, Show that the equatio;m of the two asymptotes of a

hyperbol} are given by Zi:—%—z=0. Find the equation giving

the abscissm of the points of intersection of y=mz+c and the
asymptotes ; hence find the locus of she mid-points of these
segments for a series of parallel lines.

21. P and P! are two points on the same branch of a hyper-
bola and M is the mid-point of the chord PP. If the chord
produced both ways meets the asymptotes at R and R?, prove
that M is the mid-point of RR! and hence that PR=P!RL
Hence show that if we aresgiven the asymptotes and one
point on the curve we may obtain any other points on the
ourve.

22, Prove that the product of the perpendiculars from any
point on the hyperbola to the two asymptotes is constant.

23. Two branches of a hyperbola are shown on a diagram
It is required to draw the axis, State the necessaty construc-
tion,
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24. Show that if a puint moves to infinity on the parabola
y?>=4ax’ the gradient of the tangent approaches zero and the
tangent approaches parfllelism to the X axis, but if the

curve is the hyperbola E;——%:=l the tangent approaches the
position of an asymptate.



CHAPTER VIII
GEOMETRICAL PROPERTIES OF CONICS

The Parabola.

A
(i) AT=AN ST=SP PT bisects SPM
The equation of the tangent at P (z,y,) to the parabola

M
P(x)
\4
2
/ N
T
X A S N
P’
Fia. 97

y'=4axis yy,=2a (z+z,). At T, where this cuts the X axis,
y=0 .. z= —2z;; t.e. AT=AN.
. AT+AS=AN+AX
S ST=NX=PM=SP
Hence it is easily proved by geometry that PT bisects
the angle sPm.
(ii.) SM meets the Tangent at P on the Tangent at the Vertex.
Join 8M, cutting PT at V.
131
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By geometry 8Y=YM, but SA=AX -, AY is parallel
to XM and is therefore jhe tangent at the vertex.

By Analysis. The co-ordinates of M are (—a, y,). Write
down the equations of 8M and PT and show that these
ines intersect where z=0.

(iii,) 8Y2=8P.SA,

Since TYS is a right angle, 8Y is a mean proportlonal
between 8T and SA.

The Parabola as an Envelope.
If a point & be joined to a series of points Y;, Yy, Yy . .«
on & straight line AY and perpendiculars Y,P;, Y;P,, etc.;

Fre. 98

be drawn to 8Y,, S8Y,, ... respectively, it follows from
Fig. 97, since SYP is a right angle, that Y,P,, Y,P,, etc.
will be tangents to a parabola whose focus is 8; AY being
the tangent at the vertex.

The parabola so formed is called the Envelope of the
lines v,P,, etc.

(iv.) If the tangent at P cut the directriz at Z, PSZ is a
right angle.
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JProve geometrically that the triahgles PZ and ZPM are
congruent. (Fig. 97.)

By Analysis. The line ;:/--:=m:¢:+-g is a tangent to the

parabola and touches it at the point ( a 2"(:)
: . e\ 2a?
The equation of SPis z ;‘ %ty (a —;n—’)_'?n— =0.

2
The equation of 8z is y—0=”-%7—n- (z—a). -

82 meets the tangent where
m 1

(z—a) —ma:+ =
i.e. (m? —1) z—a (m’-—l)—-2m2z+20
or z (m*+1)=—am?®+a—2a
=—a (m?+1)
(T where z=—a

Hence 82 meets TP on the directrix,

(v.) Similarly if P! be the other extremity of the focal
chord, 82, at right angles to 8P, will meet the tangent at
P! on the directrix. Hence tangenis at the extremities of a
Jocal chord meet at right angles on the directriz. (Fig. 97.)

Otherwise. If Pis (z,y,) the line joining § (a, 0) to (z,y,)
is —azy,+y (z1—a)+ay,=0.

m=—Y1
z,—a
z,—06

. gradient of 8z is —
%N

12 (3—q)

1
This meets yy,=2a (z-+z,) where —(z,—a)(x—a)=2a(z+z,)
from which z(a+z,)=—a(a+2,) or z=—a.

N.B.—This proposition is true of all conics.

2 equation of 82 through (a, o) is y= — =
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(vi.) 8G=8P=ST.
If the normal at P mepgts the axis of the curve at @ then

P
/T Al s N G
Fia. 99
a circle with centre 8 and radius $T goes through P and @,
since TPG=90° .. $G=SP=8T

(vil.) The Subnormal is Constant.
The equatlon of the tangent at P is yy,—-2a (z+,).
", the equation of PG is

y—th=—3§} c—2)
At @ where y=0, 2a=z—2,
. z=x,+2a .. AG=AN+2a
. NG=2g, which is a constant

NT is called the subtangent.

NG is called the subnormal.

(viil.) The Curve whose Subnormal is Constant is a Parabola.

For if PTA=6, tan e=”-l-’-’
dz

And NPG=0; PN=y

. NG=y tan 6=y g}é:k (a constant)

£=kz+c, which is the equation of a parabola

[
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(ix.) Two Tangents from an Exterrhl Point to a Parabola
" subtend equal Angles at the Focl.

Let P (at,? 2at,), Q (at,?, 2at,) be'two pomts on the para-
bola. The tangents at these two points intersect at T,

Fia. 100

whose co-ordinates are atit,, a (t,+t,). (See Example 19,
p. 120.)

Yy _z—a
The eghation of SP is 57~ Saf, et —a
or 2tz —(t,2—1) y—2at,=0

The length of the perpendicular from T on this is:
2at,%,—a (2,2—1) (¢,-+t,) —2at,
Vit (1)
2
_a +21_}- (1?5; —t)_ a (ty—t,)

Slmllarly the perpendlcular TN on $Qisa (¢,—t,). Since
these are equal in numerical value, T lies on the bisector
of PsQ. Hence the tangents TP and TQ subtend equal
angles at 8.

This proposition is true of all conics,
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EXAMPLES XXII

1. Prove that tangents to a parabola from a point on the
directrix are perpendicular to each other.

2. Prove that tangents to a parabola at the extremities of
the Latus rectum are perpendicular to one another.

8. Prove that the circle on a focal chord as diameter touches
the directrix.

4. Find the locus of the foot of the perpendicular from
the vertex to a normal. .

§. The normal to the parabola y*=4axz at the point P meets
the axis in G, and GP is produced outwards to Q, so that
PQ=PG. Find the equation of the locus of Q.

6. PNP!is a chord of a parabola perpendicular to the axis
AN. The normal at P cuts the axis in G. A circle described
on PP! as diameter cuts at Q. Q! another chord of the parabola
parallel to PP, which passes through G. Prove that for differ-
ent positions of PP! the locus of Q is a parabola.

7. A tangent to a parabola at P cuts the axis at T. ' If PN
. . h PN?
is the ordinate of P prove that - =2a.

8. Plot the points (0, 0), (1, 0:5), (2, 2), (3, 4B), (4, 8),

(5, 12:5). Prove that a parabola with the ¥ axis for uxis of the
curve may be drawn through these points. Find its equation.

9. PN is an ordinate of a parabola. A straight line is drawn
%arallel to the axis to bisect NP and meet the curve in Q.
rove that NQ meets the tangent at the vertex in a point T,

such that AT=?3 NP.

10. Prove that if the tangents to y’=4az at (2,4,), (zay,)

meet at X, Y, x1=?1iZ—’ and Yl_____y_1:|2_'},/_z.

11. Prove that the locus of the mid-points of that part of
the normal between a parabola and the axis is a parabola

whose vertex is the focus and LR i of that of the original
parabola.
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12. P and Q are two points on a pharabola whose vertex is
A Such that AP is perpendicular to AQ. PH, QK are'the per-
pendiculars on the axis. Prove thatsPH.QK is equal to 16a%

18. A line through the focus of the parabola y*=4ax cuts
the curve at P(z,y,) and Q (z,y,). Prove that z,2,—a2 If
AP, AQ meet the {atin Rectum in P!, Q! respectively, prove
$P!=y, and SQ'=y,.

14. A straight line through the focus of a parabola meets the
curve in P and P'.. Show that the product of the ordinates of
P and P! equals the square on the S.L.R.

15. The line drawn through the middle point,V of a chord
of a parabola perpendicular to the chord meets the axis in G,

and the ordinate of V meets the curve in P. Prove that PG
is the normal at P.

16. If two tangents, TP, TQ, are drawn to a parabola from
A

A
T, prove 8P.8Q=8T2 Hence prove SPT=STQ.

17. Take a point 8 1 inch from a line BC. Join S to a series
of points (Y) on BC and draw YP perpendicular to SY. Measure
the Latus Rectum of the parabola these lines envelop.

Geometrical Properties of the Ellipse.
(i) PG, the normal at P, bisects SPSL,

L~
M < M’
[ / [\s’ K
x U x’
Fie. 101
SP=e¢ PM=¢ (NC}CX)
=¢e (x,-l—%)
=a--ex,

Similarly 8'P=g—ez,.
X
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The equation of the'tangent at P is
ml +yy1

.. the equation of PG is y—yl-.:z—:g—‘ (z—zy)
1
This meets the X axis at G where y=0
a%yy
. "3/1=B§; (z—a,)

z,b?
0 Ca=2=2,— —‘—;; =-1(a®—b?) =e%r,

.~ 8G=qe+}e%z,, also S1G=ae—e%r,
.« 8@ qged-e’z, a+ex1

* 816 ge—e’r, a—ex,
SG SP .
S®_2 PG bi spst
S sia=sip . PG bisects SPS

.". the tangent bisects SPS! externally
(ii.) If the tangent at P meets the directriz at Z the angle
PSZ is a right angle.

NS

¢ R

F1g. 102

2

The tangent at P is ——3+yy’—-1

This meets the directrix z—> where 24441
e ge  b?

__b¥ae—g,)
aeyy

or



GEOMETRICAL PROPERTIES OF CONICS 139

The gradient of 82 is therefore
b‘(ae—-x,) b? (ae—x,) ae——x,
g, + (7% =a =)

The gradlent of sP lB %1 pegsiapons

The product of these gtadxents is —1 ', PSZ is a right
angle.

This proposition is true of all conics.

(iii). If Perpendiculars sz, $12! be drawn from the Foci of
an Ellipse to a Tangent then $z.8'Z'=b2,

Fiae. 103

The line y=mxz++/a*m®+b? is a tangent to the ellipse,
8§Z the perpendicular to it from § (—ae, 0) is
+mae—Vaimi b
V14+m?
—mae—+/a*m?+4b?
V1tm?
—mPa%%+-a2m34-b3
1+m?
m’a"(l —e?)4-b*
14+m?
=m’b’+b2__
1+m*

AIBO (328

o sZ. siz!
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(iv.) The Perpendicilay drawn from a Focus of an Ellipse
toa Tangent meets the Tangent on the Aumliary Circle.
8z is drawn perpendlcular to PZ, the tangent at P,

Produce 8'P to meet $Z at R.
A A

Since S§PZ=ZPR . SP=PR
;. SIR=S!P+}SP=2¢
But Z bisects RS and € bisects §8?
‘. CZ=aqa .. Z lies on the auxiliary circle

Conversely. .

If a point 8 within a circle (not the centre) be joined to
any point Z on the circumference, the line ZP, drawn at
right angles to 8z, will
touch an ellipse of which &
is one of the foci.

Join 8 to € the centre
and mark off cs!'=cs,
Produce 8Z to R, making
ZR=8Z, and join §'R,
cutting ZP in P,

Prove 3P+8’ =202Z=
constant.

Also prove that -ZP
bisects SPR and hence
that ZP is a tangent to
an ellipse at P.

If 8 be joined to several points Z on the circumference
of the circle and perpendiculars such as ZP drawn to each,
it will be seen that these lines envelop an ellipse.

F1c. 104

EXAMPLES XXIII
1. In an ellipse prove that A8.A18=0%

2. PN is the ordinate of a point P on an ellipse. Prove that
AN.A'N=a?*—CN?. Hence show that
PN? v
AN.A'N" &
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8 Prove that if z, be the abscissa of a point P then
8P=a-}-ez, and $'P=a—ez,. ,

[

4. A and B are two fixed points 4 inches apart and a point
P is taken so that the sum of its distance from A and B is
b inches. Taking as axes the line AB and its perpendicular
bisector, find the equation of the locus of P. Find where the
curve cuts each axis.

5. If any ordinate MP meets the tangent at the end of the
L.R. in Q, prove that MQ=SP.

6. Find the equation referred to its axes of an ellipse whose
eccentricity is % and whose focus is 16 inches from the corre-

sponding directrix. Prove that the line 20v/2+3y=24 touches
the curve and find the co-ordinates of the point of contact.

7. Pisa point on an ellipse whose ordinate isy,. Prove that
the angle between the tangent at P and the focal distance of P
istan-? —.

aey,

8. Prove that the sum of the squares of the perpendiculars
on any tangent from two points on the minor axis each distant
V@ —1? from the centre is 2aZ.

9. A sphere of radius 2 feet rests on a horizontal table, and
a spot of'light is held at a point 5 feet above the table and 4
feet measured horizontally behind the centre of the sphere.
Find the length of the longest axis of the ellipse formed by the
shadow of the sphere.

10. Prove that the perpendicular from the focus of an ellipse
whose centre is C, on the tangent at any point P will meet CP
on the directrix.

11. An ellipse slides between two straight lines at right
angles to one another. Show that the locus of its centre is a
circle. (See p. 119.)

12, If 8Y be drawn from the focus of an ellipse perpendicular
to the tangent at P and YQ be the other tangent from Y to
the ellipse, prove that $Q is parallel to S'P.

13, The perpendicular from a focus to the tangent at an
extremity of the Latus Rectum through the other focus meets
the tangent on the minor axis. A
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14. Find the locus of the foot of the perpendicular from.the
centre to a tangent.

15. The tangent at a point meets the tangents at the ex-
tremities of the major axis at points K, K. Prove that KK!
subtends a right angle at either focus. Also prove that
AK AIKI=}

16. Draw a circle of radius 2 inches and take a point 8, 1-5
inches from the centre. Join § to a number of points (Z) on
the circumference. Draw lines (ZP) at right angles to each,
and measure the axes of the ellipse these lines envelop.

The Hyperbola.
(l4) The normal ‘P@ bisects the angle SPS! externally, and

A
hence the tangent PT bisects 8PS! internally.
The proof is similar to that given in the corresponding
proposition for the ellipse.

'7A' c /‘r AK [N

F16. 105

v

Find the co-ordinates of G and prove that
SG _sP
siG s'P

Auxiliary Circle.
The circle described on AA! as diameter is called the
auxiliary circle.
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The perpendicular from 8§ to the fangent at P meets the
tangent on the auxiliary circle,

1
Prove that cz_%ﬁ_g—?—f—g =a a8 in the correspond-

ing proposition for the ellipse.

Conversely.

If 8, any point outside a circle, is joined to Z on the cir-
cumference, and ZP is drawn perpendicular to $Z prove
that ZP is a tangent to a hyperbola having $ as one of the
foci.

Proof as in the ellipse.

(ii.) The Portion of the Tangent to a Hyperbola intercepted
by the Asymptotes se bisected at the Point of Contact,

R
Plx, )
C
S
Fia. 106
The equation of the tange.nt at P(z,y,) is %—‘%—‘= .

Where this meets the asymptotes whose equatlons are

given by &“’;-b,—o we have %(l-i-?fbﬁ;l) 0.

u a
73 (%‘. o b2)+2 W;bz-;-—_o



144 CO-ORDINATE GEOMETRY

This equation gives the ordinates of 8 and R.
If the roots are y, and y, the ordinate of the mid.point

of SR is 1-;-3/,____ — N2

z,2b?
a%y, bz
biz,?
— y10°0* —Y%
= —'azyzl__bzzlz'—y_!_z —Z’E—yl

b a?
Hence P is.the mid-point of RS.
(ili.) If the tangent at P meets the directriz at Z the angle
PSZ {3 a right angle. Proof similar to that on p. 138,

o

EXAMPLES XXIV

1, P is any point on a rectangular hyperbola, C the centre,
and A the vertex of the branch on which P lies, and PN the
ordinate. Prove AP2=2CN AN.

2. AB is the diameter of a circle on which P is any point.
AP meets at Q the straight line drawn through B, such that
BP.BQ are equally inclined to the tangent at B. Show that
the locus of Q is a rectangular hyperbola. ‘

3. In a rectangular hyperbola prove that SP.S'P=CP2.

4. In a rectangular hyperbola prove that if the normal at
P meets the axes in G and g then PG=Pg=PC.

5. Prove that in an ellipse or a hyperbola CB is a mean
proportional between the major axis and the latus rectum.

8. Prove that the straight line y=-mz bisects all chords of
the hyperbola zy=k? which are parallel to y=—ma.

%7. Find the locus of the mid-pbints of focal radii of & hyper-
bola.

8. U y,y, are the ordinates of the points in which the tangent

. 1 2
t a1y cuts th il le, o=
at 21y! cuts the auxiliary circle, prove y1-|—y’ 7

9. The focus and directrix of a conic are given and also one
point P on the conic. Show how to construct the tangent at
P'
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10. The triangle included between the asymptotes and any
tangent is of constant area.

11, Prove that the asymptotes Bf a hyperbola meet the
directrices on the auxiliary circle.

MISCELLANEOUS EXAMPLES

I

1. Find the equation of the circle 22+y®=5 if its centre
were moved to the point (—2, 3). Find the equation of the
tangent to the circle in its new position at the point (0, 4).

2. Find the equation of the parabola whose directrix is the
X axis and whose focusis at (0, 2a). What would be its equa-
tion if the origin were moved to the vertex, the axes remaining
parallel to their original directions ? .

3. Rays of light from a certain point are all parallel after
reflection at the surface of a parabolic reflector. State and
prove the property of the parabola on which this fact depends.

2 42
4. Any point P on the ellipse :%-l-g-i:l is joined to B (o, b).

Find the equation of the locus of the mid-point of PB and prove
that it touches OX.

5. Show that the line m?z—my--a=0 touches the parabola
Y= 4az

J

1. Find the equation of the circle which has its centre at the
point 3, 4 and touches the straight line 52+12y=10.

2. A tangent to the parabola y>=4z makes an angle of 60°
with the axis, Find its equation and its point of contact.

3. Find the equations of the tangents to the circle 23+ y?=1*
which are perpendicular to the line y=ma+b.

4. A set square ABC with a right angle at B and BC=2
slides along the X axis, BC being along the axis and C towards
the positive end; © is joined to the point D (1, 1), cutting
AB in P. Find the co-ordinates of P when OB=¢t and
deduce the equation of the path of P. Sketch the path of
P, unit 1 inch.

5. Find the eccentricity of the conic

164*+-36y*—64z—36y—T1=0
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' K

1. Prove that the circle described on the line joining the

.

origin to (0”, ;3) as a diameter, passes through the point

(%’ 0). Hence justify the following construction for a cube
root by means of the graph of zy=1. On 0X lay off OM, whose
cube root is required. Draw the ordinate MP to meet the curve
in P. On OP as diameter describe a circle meeting the curve
again in Q. From Q draw QN perpendicular to OX. Then
QN is the required cube root. -

2. Find the gradient of the tangent to the hyperbola
72—y*=4 at the poir:t (g—, g) If 0 isthe origin, P any point

(,y,) on the curve prove that the tangent at P makes the same
angle with OX that OP makes with OY.

If this tangent meets the lines y=z and y=—z in Q and R,
find the co-ordinates of Q@ and R and the area of the triangle
QOR.

8. Draw the triangle ABC, AB=7 cms., BC=10 cms,
CA=12 cms. Draw the two conics which pass through A
and have B and C as foci. Find their eccentricities, «

4. The focus and directrix of a conic are given ‘and one
point P on the conic. How would you construct the' tangent
at P? Prove the theorem you use if the conic is a parabola.

5. Take two points, S, 8!, 2 inches apart. Draw a line 1.5
inch from 8, making an angle of 150° with §S!, and intersecting
88! beyond $'. If an ellipse with § and S! as foci touches the

iven line, find the point of contact and measure its distance
om §. Find the eccentricity of the ellipse.

L

1. Draw a straight line RYP and mark off on it RY=2 cms.,
YP=4 cms. The line is a tangent to a parabola at P and it is
cut by the tangent at the vertex in Y and by the directrix in R.
Find by a geometrical construction the position of the focus,
and give its distance from P. Find also the position of the
directrix and give its distance from the focus.
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. 2. The equation of a rectangular hyperbola is zy=r¢ referred
to OX, OY as axes. If these axes-ure turned through an
angle of 30° in the positive directiod, find z and g, the old co-
ordinates of any point P in terms of z,y,, the co-ordinates of
P referred to the new position of the axes. Hence find the
equation of the curve referred to the .ew position of the axes.

8. If the circle 22®+2¢2—a+Ty—3=0 cuts the axis of Y
in A and B, find the length of OC when O is the origin and €
the mid-point of AB.

4. A rod of length 3 inches slides with its ends on two fixed
perpendicular wires, OA and OB. If OP is the perpendicular
from O on the rod and 6 the angle the rod makes with OA,
prove that OP=3 sin 6 cos 6. Find the equation of the locus
of P referred to OA, OB as Cartesian ax¢s of reference.

5. An ellipse is drawn with its major axis inclined at 45° to
the horizontal. A horizontal line AB is a tangent to the upper
end of the curve and F is the lower focus. AB represents a
bar bearing on an elliptic cam which is free to rotate about F.

2 2
If the equation of the cam is %—]—%-:1, find the vertical height
of the bar above F in the given position.

M

1. Draw a triangle 8PQ having §P=5 cms., $0=10 cms,,
PQ=12 cms. Consider § the focus of a conic of eccentricity
2; P and Q being two points on the curve. Construct the
directrix corresponding to 8 and give its distance from §.

2. Find the (i.) co-ordinates of the centre; (ii.) co-ordinates of
the foci; (iii.) length of major axis; (iv.) eccentricity of the
ellipse 22°+5y*=10z.

3. Trace the curve zy?=4(2—z) and find its asymptote.

4, Prove that the equation 2z°4 3zy—2y>+a-+Ty—3=0
represents two straight lines, and find the angle between them.

5. Find the area of the triangle OPQ given 0(0, 0),
p(EHE, T2, 9(2““'2 W 25E). Find the locus

N )

of P for all values of 2.
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1. A point P moves so, that the length of the tangent from
P to the circle x®+4-y2—22—4y--1=0 18 equal to the ordinate
of P. Prove that the locus of P is a parabola and find its
equation.

2. ABC is an isosceles triangle whose base BC slides along
OX, B starting from the origin. Prove that the intersection
of the line joining € to the original position of A with the
perpendicular AM on BC traces out a rectangular hyperbola.

8. Find the condition that the chord joining the points
(aty®, 2aty), (ats?, 2at,) on a parabola should pass through the
focus. .

4. A number of ellipses on the same major axis are cut by
any common ordinate. Prove that the tangents at the inter-
sections all meet in & point.

5. Take two points, 8 and H, 2 inches apart, and through
G on §H, where 8G=1'5 inches, draw a line making an angle
of 60° with SH. If this line is a normal to an ellipse whose
foci are $ and H, find by a geometrical construction the point
P on the ellipse at which the line is normal. Measure SP.

o

1. The tangent to y=2? at the point where z=¢ meets 0X
at Q and R is the mid-point of PQ. Find the co-ordinates of
R in terms of ¢ and prove that they satisfy the relation 9y==8z®.

2. Along 0X mark off 0A=20 and along 0 Y mark 0B=10.
Complete the rectangle OACB. A peint P travels uniformly
from B to € and a point Q travels uniformly from € to A, the
2 points starting simultaneously from B and € and arriving
simultapeously at C and A. Find the equations of AP and BQ
when Q has travelled s cms. Find the equation of the locus
of R, the point of intersection of AP and BQ.

8. If the co-ordinates of the foci of an ellipse are (—c¢, 0)
and (¢, 0), and the equation of a normal to the curve is
lz +my +n=o0, prove that the equation of the tangent at P

to the ellipse is 7 — 5 +> =0.
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4. Find the equation of the hyperbola whose focus is (2, 2),
directrix 3z-+4y=6, and eccentricity 3. Find also’ the co-
ordinates of its centre. .

5. Show that zy-+3z+4y+4=0 may be written in the form
(z-+4) (y+3)=8; hence find the equations of its asymptotes.
What does the equation become if the origin is moved to the
point (—4, —3), the axes remaining parallel to their original
directions %

P

1. The vertex A of an isosceles triangle is at (2, 1). The
mid-point B of the opposite side is at (5, 7). The equal sides
are inclined to AB at an angle of 45° on either side. Find their
equations and the co-ordinates of the other two angular points.

2. Find what the equation 8y2®—2z2~5zy+z—11y+6=0
becomes when the origin is moved to (—1,1), the axes remain-
ing parallel to their original directions. Describe the locus of
(2, 9)-

3. A circle cuts off a chord AB on the X axis whose mid-point
is (p, o) and a chord €D on the Y axis whose mid-point is
(0, ). If OA.0B=c prove that the equation of the circle is
2% —pz+-y2—qy-+c=0.

4, The, chain of a suspension bridge is a parabola and the
roadway,is supported by rods at intervals of 10 feet. If the
span is 200 feet and the three middle rods are 5°4 feet, 5 feet,
5°4 feet in length, find the length of the next rods and the dip
of the chain.

5. An archway is in the shape of a semi-ellipse, the road level
being the major axis. If the breadth of theroad is 30 feet and
a man 6 feet high just touches the top when 2 feet from the
side, find the greatest height of the arch.

Q

1, Describe a circle with centre 8 to touch a fixed line AB
at E. On the other side of the line draw CD parallel to AB
at a distance from it equal to SE. Take any point Q on CD.
Join QE and produce it to cut the circle again in K. Produce
K8 to meet a parallel to SE through ©Q at P. Prove that P
lies on a parabola whose focus is § and directrix AB.
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2. A jet of water discharged from O hits a screen 6 feet
away at & height of 4 feet above 0, and when the screen ismoved
4 feet farther away the det hits it again at the same spot.
Assuming the curve described to be a parabola, find the angle
to the ground at which the jet is projected.

3. Tangents are drawn to an ellipse such that the product
of their gradients is constant and equals A. Show that the
locus of their points of intersections is y2—b%= A(22—a?),

4. A straight line AB of constant length slides between two
axes, OX, OY. If the rectangle OAPB be completed and PQ
be drawn perpendicular to AB to meet it in Q show that the
locus of Q is a:*+y§'=a§.

5. If a normal to the rectangular hyperbola zy=c* at the
point (ct, %) meets the curve again at (ct‘, ;1) prove that
tl=—1.



CHAPTER IX
POLAR EQUATIONS

Ir a fixed point O is taken in a fixed line 0X, and r (OP)
is the distance of any point P from O, the position of P
will be known when r and 6 (the angle p
POX) are known. r and 6 are called

the polar co-ordinates of P; O is

called the pole and OP the radius

vector. z L %

If ox is the X axis and OY drawn Fia. 107
at right angles to OX at 0 is the Y
axis, then the Cartesian co-ordinates of P being (z, y) we
have z=r cos 6, y=r sin 6.

By these relations we can at once change a Cartesian
equation into polars: the equatlon of the circle z*+y*=a?
becomes ‘12 cos? %9412 sin®0 =a® or r3(cos*0--sin’0) =a’—i.e.
r=a,

To convert a polar equation into Cartesian we have

r=v/22+4y? and 6=tan ! %

B
Fra. 108
Note—If for a given value of 8, r is negative, the direction of
P from the origin is negative—e.g, if when 6 =30°, r=2, the point is
P,, but if when 6 =30°, r=—2, the point is P;.
151
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Equatiop of a Circle in Polars.
The general equation of a circle in Cartesians is
2+ y2+-292+2fy+c=0
Changing to polars we have :
72 cos?® 072 sin? 04-2gr cos 0-+2fr sin 6-+-c=0
or r2+7(2g cos 6-+2f sin 6)+c=0
If the circle passes through O and c its centre is on the
initial line, the co-ordinates of the centre being —¢ and
—f, we have —f=0. Also since the circle passes through
(0,0) we have c=0. If Risthe radius of the circle, —g=R.
.. the equation becomes
«*+r(—2R cos 9)=0
or r=2Rcos 0
This equation can be at once obtained from a figure, for
if (r 0) are the polar co-ordinates of P
r=0A cos 0=2R cos 6

P(r;())

o 2R A

Fia. 109 Fia. 110

The general equation may also be obtained directly, for
if (p, «) are the polar co-ordinates of the centre
CP2=p?+72—2pr cos (x—0)
or 12—2rp cos (a—0)+4(p*— R2)=0
If p=R and =0 this reduces to r*—2rR cos 6=0 or
r=2R cos 6 as before.
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Equation of a Straight Line in Polars.
The general equation in Cartegians is az+by-+c=0.
To transfer to polars we have z=r cos 6, y=r sin 6.
.. the equation becomes
r(a cos 6+4b sin 6)+4c=0 (i.)

Alternative Form.

The position of a line is fixed if we know the length of
the perpendicular (p) to it from the origin ang the angle ()
this perpendicular makes
with the initial line.

I P (r 6) is any point
on the line we see from
the figure that 6
p=r cos (a—0) (li) which i Fre. 111
is the polar equation of the line.

This may be written p=r cos « cos 6-r sin « sin 6
or p=2 008 a+¥ 8in «
the perpendicular form of the equation in Cartesians.

It wilt be seen that (ii.) may be written in the same from
as (1) °

Distance between Two Points in Polars.

I (r,9,), (r.9,) are the polar co-ordinates of A and B we
have from Trigonometry
AB=r %2 —2r 13 C08 (0,—0,)
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Polar Equation of Conics.

The equations of the parabola, ellipse and hyperbola are

most conveniently expressed in terms of their eccentricity
and latus rectum.

Take 8 as the pole and let $L=1Ibe the 8.L.R. of the conic.

M P(r,0)
D L 7,
c [’}
X A S N
Fia, 118

If P(r 6) be any point on the curve, and DX the directrix,
we have
8P =¢ PM
=e(SN-+8X)
=e r cos 0-}e¢ $X but 8L=]=e 8X
*, r=¢ r cos 641
~ l=r(1—e cos 8), which is the required equation

To Trace the Parabola.

2a=r (1 —cos 8) =2r sin? :—g

0
t.e. r=a cosec? 3
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4a

3

w
Mt
wly
°

Fia. 114

To Trace the Hyperbola.

_ 2
1—2 cos 6

Substituting for 6 we have the following values of r:—

2=r(1—2 cos 6) or r=

0 ol = r |8 T2 3r | b
3 e 3° 9 | 2| 3 3 6 |7
rl-—2l—2'7l-4~8|w|31|2|l]8 ~7l67
o | 77| or | ar | 3| B | 1 | nn
6 | & 3 | 3 1 6 &
r|-7!‘s|1|2]w|-4-s|-2-7 -2
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0=0 gives the point A! (8Al=—2),
e=_g gives the point r=—2-7, which is P! where 8P1=27,
since r is negative,
="2—t gives L,

0=r gives A,

We see that the part AlP! is described first, "then the
right-hand branch LAQ, then the remainder, RA?, of the
left-hand branch.

The Curve r*=q%c0s20, The Lemniscate,
Notes,

1. When 6=0 or = we have r= +a, hence the curve
crosses the initial line at points +a from the pole.

2. Since the equation is unchanged if — is written for
+r, the curve is symmetrical about the pole.

3. Since c0s2 (—0) =cos20 the curve is symmetrical about
the initial line.

4. No value of 6 makes r=w.

5. #? is negative and r is therefore imaginary when cos 26
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is megative—i.e. when 20 lies between g and 32", and
between %" and 32".'

we need not calculate values of r for 6 between

a.nd or between —- i and ?3.
1 4
° 15° 30°  45°

+a +°93a +7la o

- \

ISE
.

Fro. 116
The Limagon r=a cos 6+

If 0A=a is the diameter of a circle and P(r 6) a point on
the curve we see that 0Q=a cos 6.

Fia. 117
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If then O is joined to points on the circle and produped
a distance b we get r=0P=a cos 6-+-b.

When 0= r=b. When 0=r, r= —a-+b. Ifa7b this
distance is negative, and since when 6=x the positive direc-
tion of r is to the left, the corresponding point D will be to
the right, where OD=a—b.

If a=>b, D is at O and the loop disappears. The curve
is then called a cardioid (heart-shaped).

ExampiE 1. Fxnd the locus of the mid-points of the chords
of the circle r=2R cos 0, which pass
through the pole.

The circle passes through the pole
and has its centre C on the initial
line.

Let P (r 6) be the mid-point of a
chord 0Q. Since PC is parallel
to QD we see that r=0C cos 0
=R cos 6, which is the equation of
the locus, clearly a cu'cle on OC as
Fre. 118 diameter.

ExamrrE 2. If a line is drawn from a point O qutside a
circle cutting it at P and Q, prove that OP.0Q is constant.

Taking the point O as pole and the equation of the circle as
r2+r (29 cos 6-2f sin 0)-+c=0 we see that this is a quadratic
for r whose roots r,r, will represent OP and 09Q.

Q

o
Fie. 119

Since the product of the roots==c, which is constant, we have
OP, 0Q=constant, the result being independent of 0.
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The Cycloid.

" The path of a point fixed on the circumference of a circle
which rolls on a straight line is called a cycloid.

If P is the position of the point when the circle kas turned
through an angle 6 radians from the position when P was

Fia. 120

at O, the co-ordinates (z,y) of P referred to O as origin will
be z=ON, y=PN. If a is the radius of the circle

arc PD=ag0=0D
Also ND=PM=¢ sin 0
and CM=g cos 0

.& T=0D—ND=af—q sin 0
. =CD—CM=ag—a cos 0
The gradient of the tangent will be

dy .0 9
dg 20 a 8in 6 _2sm§cos§
dz dz” a(l—cos6)” _ . .6

de 2 sin §

8 . 6
=cot §=tan (90 —5)
If pc is produced to R aird RP joined, cutting the X axis
at T, we see that PRC =%.

3 . O_g
S, RTD=90 3

. RTD is the slope of the tangent at P.
~. RT is the tangent to the curve.
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EXAMPLES XXV
1. Plot the points whose polar co-ordinates are

(.3 (). (v0) (o)

2. Change the following equations into polars and plot
the curves:—(i) z—2y=0; (ii.) y+4=0; (iil.) 2*4y’=4;
(iv.) 2—y*=2; (v.) zy="6; (vi.) 2°4y*—22=0.

8. Change the following equations into Cartesians:—
(i) 6=a; + (ii.) r*=a’cos 26; (iid.) £~=2cos 04-5inb ;
(iv.) r=a cos 6+4b sin 6.

4. Plot the loci of the following equations :—(i.) r=4 cos 6 ;
(il) rcosb6=4; (iii.) f=1—_%6~86; (iv.) r=2(1—cosb);
(v.) rcosb=asin®; (vi.) r=asin26; (vil.) r=af;

(viil.)r= ; (ix.) #® gin 26=4; (x.) r=06 (14cos 0).

1+tan 6
5. Plot the curve r=2b cos 6+4-b, the Limagon when a=2b
See Fig. 117, and prove that in this case QéP=% péo, so that
the curve can be used to trisect an angle. It is called the
* Trisectrix.”
8. Chords passing through a fixed point on a circle

are extended their own lengths. Find the locus of their
extremities. .

%7. Find the locus of the mid-points of the lines drawn from
a fixed point to a given circle. .

8. Find the polar equations of (i.) a straight line parallel to
the initial line and at a distance 2 from 1t; (ii.) a straight
line perpendicular to the initial line at a distance 2 from the
origin.

9. Trace the curve log r=0, 6 being in radians. This curve
is called a spiral.
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10. A string whose end was originally at A is unwound from
a circle so that it is always tangential to the rircle. If OA=a,

Fie. 121

find the Cartesian co-ordinates of P when AOT=6 radians.
Plot the curve, and find the gradient in terms of 6.

11. Find the Cartesian equation of the curve z=a cos? 6,
y=a tan 8. Hence show that if & line is drawn through the
origin to cui the circle 2*4-y®>=az in P and the line z=q in Q,
the point which has the abscissa of P and the ordinate of Q@
is on the locus. Plot the locus by this method.

12, Show that the equation r=cos 6--sin 6 represents a
circle. Find its radius and the position of its centre.



CHAPTER X
THREE DIMENSIONS

Ir Z0X, Z0Y represent two walls of a room at right angles
to one another and XOY is the floor, the position of a point
P in the room js determined by drawing PN perpendicular

y4
P
/"; © l/M X
)
7 ' ‘
] N .
’
Fiac. 122 ¢

to the floor. 1f we take OX, OY as axes, the co-ordinates
of N will be OM () and MN (y). When we know PN (2)
we have fixed the position of P,

The position of a point in space is thus fixed by knowing
its 3 co-ordinates ®, y, z referred to 3 axes mutually at
right angles. The axis OY in ‘the figure is at right angles
to the plane of the paper and it must be remembered that
XO0Y, YOZ, OMN, MNP are right angles.

The conventions used for signs are similar to those in
two dimensions. If, for instance, P is behind ZOX, its y
co-ordinate will be negstive; if it is below XOY its 3
co-ordinate will be negative, and so on.

162
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Distance between Two Points.

Let P (2,y,2,), Q(z,y,2,) be the two points where OM=z,,
MN=y,, NP=2,, etc.

Imagine P and Q to be the ends of the diagonal of a

z
Q
7 S s,
N
M T
(0] / X
N ":::""'- S
Y R
Fi1a. 1

rectangular box, with edges parallel to the axes, as in the
figure.
If will be clear from a model that P§S;=NS=MT=z,—xz,,
and that* R,S,=RS=y,—y,
Also PSR, is a right angle
" PRy’ =(23—2,)*+(y2—y,)*
But OQR,=2,—2, and PR,Q is a right angle
T PQE= (@2 —21)*+ (Y2 —¥1)"+(23—2)°
The distance from z,y,2, to the origin is clearly given by
0P=Vz, +y, 2,

Direction Cosines.

The direction of OP is defermined by the angles («, 8, 7),
called the direction angles, it makes with the axes.

From a model it will be clear that B is not an obtuse angle
as it appears to be in the drawing. (Fig. 124.)

The cosines of the angles «, B, 7, are called the direction
cosines of the lines, and we are more often concerned with
the cosines of the angles than with the angles themselves.
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I « and B are kmown, the position of OP is fixed and y
is therefore known, it must therefore be possible to find a

F1a. 124

relation between «, B, y from which we can determine y
when we know « and p.

Let the co-ordinates of P be (z, y, 2) and the direction
angles of OP be «, B, 7.

Draw PN perpendicular to the plane X0Y, from N draw
NM perpendicular to 0X. Join PM. The plane PNM is
parallel to ZOY and OM is perpendicular to this plane, so
PMO is a right angle.

.. OM=0Pcos a t.e. z=0P 0B &
If PR is drawn perpendicular to 0Z, OR=PN,
but OR=OP co08 y

. 2=OP 08 y

If NT is drawn perpendicular to OY it can be seen from
a model that PTO is a right angle and that OT=0P cos g
. MN(y)=OP cos B. ’

The co-ordinates «, y, z are the projections of OP on the
three axes.

Since OP?=0N?4 NP2=0M?4MN2+ NP2=g?4y24 28
and z=0P C08 a, y=O0P co8 B, 2==OP €08 y
we have OP?=0P?(cos? a--cos® B+cos? ¥)

." 608%x—+-co8? Btcos® y=1
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. This corresponds to the relation cos? a-+sin?x=1 in two
dimensions, for if p is the a.ngle OP makes with oY,

B=(90°—a).

*, 008? a+0608? B=C0s? «-}+c08? (90° —a) =cos%x+sinZx=]1.

Note that any line parallel to OP will have the same
direction cosines as OP,

If we know that a, b, ¢ are proportional to the direction
cosines of a line we can easily determine the actual values
of these cosines.

Let each of the equal ratios co: a-—w—c—?—s—l be taken
equal to k.

Then cos « =ak; cos B=bk; cos y=Tk.
.. cos? a+cos? B4cos? y=a%k?+b%k2+ch2=1

. 2 = ° =——————1
s kR (oD -c?)=1 Sk Vo
* co8s a—_L_ . co8 B=_b_._
Vg Vaitbiie
[
ML/~ Fw e

EXAMPLES XXVI
1. Find the distance from the origin to the points P (1, 8, 4)
and Q (—1, —2, 4).

2. In Fig. 124, if the co-ordinates of P are 2, 3, 4, find the
lengths of NM, PM, ON.

8. Find the distance between P and Q, given (i.) P(3, 1, 4),

Q(2.2,0); (i) P (3,1, —2), @(—2, =B, 1); (i) (1, 3, 0),
1

Q(—3 0, 1).

4. Describe the position of the line for which «=p=y, and
find the values of t%ese angles.

5. If x==45° B=60°, find y when acute.
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8. If a=60° 8=90° y=30°, describe the position of the line.

7. The co-ordinates of P are 1, —2, 4, find «, 8 and 7.

8. The direction cosines of a line are proportional to 1, —2, 2,
Find their true values.

9. A line through O is drawn in the plane XO0Y, making 30°
with 0X and another line in the plane X0Z, making 45° with
OX. Write down the 3 direction cosines of each of these two
lines.

10. The edges of a rectangular box are OX=>5 inches,
O0Y=4 inches, 0Z2=6 inches. Find the direction cosines of
the diagonal of the face YOZ and of the diagonal of the box
drawn through 0.

Projection,
If from the extremities A and B of a line AB we draw
perpendiculars AM, BN to a line €D, which AB does not

\ \\\,‘B

1

1 -
A}
A
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intersect, then MN is the projection of AB on €D.

Through M draw MB! parallel and equal to AB.

Then AMB'B is a parallelogram. If through BB! we
draw a plane perpendicular to the line €D, cutting it in N,
both NB and NB! will be perpendicular to CD.

Now AB and MB! being parallel make the same angle
(«) with €D, and MN=MB! cos «=AB cos a. The pro-
jection of a line AB on €D in three dimensions is therefore
AB cos a where « is the angle between the lines.

If oA, AB, BC, CD are projected on 0X by drawing per-
pendiculars AM, BN, CR, DS to it, we see from the figure
that the sum of the projections OM, MN, NR, R§=0S8,
which is the projection of OD on 0X,
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If R comes to the left of N, RN will be nega.ﬂve, and if we
adopt the sign convention we shall sec that in all cases it

F1e. 126

is true to say that the algebraic sum of the projections on
0X of any route from O to D equals the projection of 0D
on OX.

The Angle between Two Lines.
Let oP, OP, be two lines through the origin parallel to
the two ‘given lines whose direction angles are «, B, 7,

=]
Ya,B,7,

afy

Y

Fie. 127

and «,, B,, v,; it is required to find the angle 8 between
them.
Take a point P(z, y, 2) on one of the lines («, B, 7).
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Project OP on to the other line by drawing PR per-
pendicular to it, then OR=0P cos 6.

Let a perpendicular {rom N on OR cut OR at 8, and a
perpendicular from M on OR cut OR at T.

Now the projection of ON, NM, MP on OR is
0S-+ 8T+ TR=0R=projection of OP on OR.

The angle between 0S and ON is a,

., 08=z co8 «;
The angle between 8T and MN=angle between OR and
oY=p,
. 8T=MN cos B,=y cos B,

The angle between TR and MP=angle between OR and

0Z=v,. ‘
s, TR=2Cos8 7,
.. OR=O0P cos 6=z cos a,+y cos B;+2 cos ¥,
.. cos 0= 5% co8 o+ oi/'; cos B,—}—% €oS v,
But z=ON=OP cos «, y=OP cos B, z=O0P cos ¥
.'. €08 H=Co08 a €0S «;+Cos B cos B;-}Cos ¥ CcoS ¥y

If 6=90°, cos « co8 a;-}-cos B cos B,-}Co8 y cos y,=0.

If y=y,=90° the two lines are in the same plane XOY,
and the formula becomes cos 6=cos « Co8 ;-Co8 B CO8 By,
.6, OB 6=CO8 a CO8 &; 6N « BiN a; =CO8 (x—a,)

Fia. 128

Co-ordinates of a Point on the Line joining Two Points.
Given P (z,4,2,), Q (Zy42,), it is required to find (XYZ)

the co-ordinates of R, when PR_° .
RQ m



THREE DIMENSIONS 169

. If MSN is the projection of PRQ on the plane X0V, it is
MsS | '

clear that ﬁ_—:’—-”.

X, Y are therefore the same as in two dimensivns;

_lzat-ma, yWotmy,

x +m I+m

Y
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If Ps N, is drawn parallel to MSN we find from the

gimilar triangles RS;P and QN,P that Z=lz;::__———%z~‘.
L ]
If Ris the mid-point of PQ we see that
TRV ' w L PP
X="g—i Y=TgUi #=y

EXAMPLES XXVII

1. Find the direction cosines of the lines OP, 0Q, given
P(3,1,2), 9(1, —2,1). Hence find the angle POQ.

2. The point P (3, 2, 4) is joined to the origin 0. PA, PB,
PC are drawn perpendicular to OX, OY, OZ respectively, and

PN perpendicular to the plane XOY, PM perpendicular to the
plane 20Y. Find the lengths of OA, OB, OC, ON, OM, NM.

3. From P (3, 1, 2) the perpendiculars PA, PB, PC are drawn
to 0%, ov, 0Z respectively; PN to the plane XOY, PM to
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the plane YOZ, and from Q(—1, 2, 4) the corresponding lines
QAl 0B}, ch ON!, oM. Find the lengths of AA!, BB,
CCl, NN!, MM}, NML, [

4. A line through O is drawn in the plane XOY, makmg

45° with OX, and another line in the plane X0Z, makmg
with OX. Find the angle between these two lines,

5. The edges of a rectangular box are ox_5 inches, 0Y==6
inches, 0Z=4 inches. Find the direction cosines of the dia-
gonal of the box through O, and the angle between it and the
diagonal of the face YOZ.

6. At the two points A (3, 2,0), B (5, 3,0) lines AP and BQ are
drawn perpendicular to the plane XO0Y. If AP=4and BQ=1,
find the co-ordinates of the mid-point of PQ.

7. Find the co-ordinates of the 0. oF @. of the triangle
A(l, 3, 4), B(5, —2, 1), C(—2, 3, —4).

8. The co-ordinates of 3 of the angular points of a thombus,
ABCD, are A(0, 0, 0), B(3, —4, 4), €(7, 1, 4). Find the co-
ordinates of D.

9. Find formuls for the co-ordinates of a point T on the line

joining P (z,9,2,) and_Q (2,9,2,), such that T lies on. PQ ‘pro-
duced, and divides it in the ratio PT: TQ=Il:m. .

10. The three corners of a pyramid are at the points A (0, 0, 0),
B(4,0, 0), €(2, 5, 0). The vertex D is at 3, 3, 6. Find the
direction cosines of AD and the angles BAD, CAD,

Equation of a Plane,

If pis the length of a perpendicular drawn from the origin
to a plane, the locus of the plane is a tangent plane to a
sphere of radius p. If the direction of p is known the
position of the plane is fixed. We can therefore find the
relation between z, y, 2, the co-ordinates of any point on
the plane, if we know p, the perpendicular from the origin
to the plane, and «, B, y its direction angles

The method is the same as that used in finding the equa-
tionof a line in two dimensions when given p and a.
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Let P(zyz) be any point on the plane. Draw PR per-

Y
7
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pendicular to p (since OR is perpendicular to the plane, PR
will lie on the plane).

Project OM, MN, NP on to OR.

Projection of OM is x cos a (since « is the angle between
0X and .OR).

Similarly the projection of NM is y cos B, and the pro-
jection of NP is 2 cos 7.

.. & co8 a+y co8 B-}-2 co8 y=OR=p
The equation of the plane is therefore
Z 008 a+-y ¢o8 B2 co8 y=p

Equation ot a Plane in the Intercept Form.

If the plane makes intefcepts OA (a), 0B (b), OC(c) on
the axes, its equation in terms of these intercepts may be
found from z cos a+y cos B+z cos y=np.

If R is the foot of the perpendicular, AR will be perpen-
dicular to OR

S Pp=06 CO8 «

Similarly p=>b cos g and p=c cos 7.
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Since - cos “+y cos B+z cos 7=1
P P
z +z/ +2=1

N.B.—It will be noticed that the equation of the first degree in
zyz represents a plane in 3 dimensions, whereas in 2 dimensions
the equation of the first degree represents a straight line.

If we plot out all the points for which z=0 they will lie
on the plane X0Y. The equation of the plane XOY is
therefore 2=0. Similarly, the equation of X0Z is y=0
and of YOz it'is z=0.

If a plane is parajlel to X0Y the intercepts it makes on
OX and OY are both infinitely large ; the equation of the

plane is therefore %-{--gs-{-z:l——i.e. z==c.

It is clear that all the points for which z is a constant
will lie on a plane parallel to X0Y. Similarly a plane
parallel to 2o Y will have for its equation z=a and 1f parallel
to 20X, y=b.

If a plane is parallel to the Z axis the intercept’ on thie

axis is infinite, and the equation becomes -|-b+ 3=1

y_
or ath=1
An equation of the form Az By=1 in three dimensions
therefore represents a plane parallel to 0z. Points on the
plane z=0, which satisfy Az By=1, will lie on a straight
line, and if 2 can have any value the locus is a plane through
this line perpendicular to the plane z=0.

General Equation of a Plane.

The general equation of the first degree in xyz is
Az+ By+Cz=D. We can divide through by one of these
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coefficients (generally the constant term) so that we may
take as our general equation Az By+-Cz=1.

Comparing the equation Az’ By+Cz=1 with the
equation z cos a+y cos B+z cos y=p we see that A, B, C
must be proportional to cos «, cos g, cos 7.

Cosa_co8B_CO8y .

Let A B G©
then cos x=Ak, cos £.=Bk, cos y=Ck
but cos® a--cos® p-cos? y=1 S KA 4B C?) ]
1 ‘A

.. CO8 o= eto.

..- k=-—~:::===—__——_: e,

VA4 B2 C? VA% B} C?

The equation Az+ By Cz=1 wrikten in the *per-
pendicular ” form is therefore

N A —— z+ B + c
vayeire “Tvarerce YTvaireigc
1
VAL Bt o

Note.—Y Az+By+Cz=D and Alz+Bly+Clz=D! are perpen.
dicular, then AA'+ BB+ CC!=0. (See p. 168.)

If the plane goes through the origin it must be satisfied
by (0, 0, 0); its equation is therefore of the form
Az By+ C2=0.

If a plane is parallel to 0Z we see that y=90° .. cos y=03
the equation  cos a+y cos p+2 cos y=p therefore becomes
z cos a-}-y co8 B=2 or, in the general form, Az+ By=1.

If the plane contains the.Z axis, it must be satisfied by
any value of 2, and the equation will be of the form
Az By=0 since it also passes through the origin. In this
case, if the equation is in the perpendicular form we note
that p will be zero and since the direction of a perpendicular
to the plane drawn from the origin will be perpendicular to
0Z we have cos y=0: the equation therefore will be
x 008 a4y cq8 B=0, which is the same form as Az By=0,
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To wtite Az+By+Cz=1 in the form S+%+:=l we
can find where the plane cuts 0X by putting y=0, z=0 in

the equation ; then :v=1—. te a=_—

A A
T y 2
;. the equation is T4+1+1=1
A B C

It is important to notice that when we compare
Z 008 aty cos B+zcos y=p with §+%+§=1, the direo-

tion cosines are not groportional to a, b, ¢, but to 1, ll), l

Exawmere 1. Find the equation of a plane making intercepts
of 2, —1, 3 on the axes. Find the length of the perpendicular
to this plane from the origin.

The equation of the plane in the intercept form is

s+t
This becomes 3z—6y--2z=6.
Multiplying throughout by a factor & to write it in the per-
pendicular form we have
3kz—6ky+42kz=06k
Comparing this with z cos a+y cos B+z cos y=p, we
have cos a =3k, cos B=—6k, cos y=2%

. 9k*+36k+4k2=1 or 1,=}?

t

The equation is therefore

3 6 .2 6

70=r Yty o=q
. pd
.p-—7

ExaumpLe 2. To find the equation of the plane through the
points (3, 5, 1), (2, 3, 0), (0, 13, 2).
The equation of any plane is Az By} Cz=1.
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Smce the point (3, 5, 1) is on it we have

3A+5B-+C=1
Slmﬂarly for the other points 2A4-3B=1
and 1f8+2¢=1
1 1 7
< A=p B=pC=—1

The equation therefore is 3z+42y—Tz=12.

ExampLE 3. To find the area of the triangle joining the
points (3, -—3 4), (4, 3, —2), (—2, 3, 10)

c

o X
c’ L’E:: ...... ..B /
Y
B
Fi1a. 131

Project the triangle on the plane z=0: the co-ordinates of
the angular points will be AL(3, —3), B! (4, 3), €! (—2, 3).
The area of the triangle A'B'C! (see p. 72) will be 18 square
units.
The equation of the plane ABC will be found to be
6z+2y-+32=24. Writing thls in the perpendicular form we
6z 2y 3z 24

have Tt T=
*. the angle between the axis 0Z and the perpendicular from

the origin to the plane ABC is cos-! §, and this is the angle
between the planes ABC and XOY.
o~ if A isthe area of ABC we have by projection, A x $=18
. A=42 square units,
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EXAMPLES XXVIII

1. Find the equation of a plane which makes intercepts of
—3, 2, 6 on the axes. Write the equation in the perpendicular
form.

2. Find the equation of a plane which makes equal positive
intercepts on the axes and passes through the point 1, 1, 1.

8. Find the equation of the plane passing through the points
(0, —1, —1), (4,5, 1), (3, 9, 4).

4. Find the angle between the plane 6z—2y-+32=1 and
(i) the plane XOY ; (ii.) the plane X0Z ; (iii.) the plane YOZ ;
(iv.) the axis OX.

€
5. Find the equation of a plane (i.) through the origin and
the points (1, 1, —1), (2, 3, 4); (ii.) through the axis 0Z and
the point (2, 1, 4).

6. Find the equation of a plane containing 0X and the point
2, 3, 1).

7. Find the length of the intercepts made on the axes by the
plane 2z—3y+-52=10.

8. Find the co-ordinates of the point in which" the line
g !ll > meets the plane z—2y-+2=3.
9. Find the length of the perpendicular from the origin on
the plane 2+1 ? =2,

10, Find the angle between the two planes, 2z—y—2:=3
and 3z-+4y—62=2.

11. Find the equation of the plane parallel to OY whose
intercepts on OX, OZ are 3 and —2.

12. Find the angle between the planes 6z—4y-+3:=>5 and
z2=3.

13. Find the equation of a plane through (—1, 0, 2), which is
parallel to z—2y-32=4.
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14. The direction cosines of the perpendicular to a plane
from the origin are proportional to 1, 3, 1, and the length of the
perpendicular is 2. Find the equatiozz of the plane,

15, The base of a triangular pyramid has ite angular points
at A0, 1, 1), B(4, 2, 2), €(—3, —3, 2). The vertex is at
D (1, 1, 5). - Find the equations of the planes ABD, ABC, and
the angle between them. Find the direction cosines of any
line perpendicular to ABC.

16. Find the direction cosines of any line which is per-
pendicular to 2z—y—2z=3.

17. OA, OB are the ground lines of two walls COA and cOB
at right angles to one another. A point P on COAis 5 feet from
0C and 4 feet from the ground and a point Q on BOC is 4 feet
from OC and 5 feet from the ground. Another point R on the
ground is 4 feet from OA and G feet fromw OB. The corner is
filled with earth so that the surface is plane and passes through
P, Q and R. Find the angle it makes with the ground and
the height it reaches above 0. Find also its cubic contents.

18. A corner between two walls at right angles is required
to be filled in symmetrically with earth so that the plane sur-
face is 4 feet from the point O on the ground line where the
walls meet. Find the distance from O to which the earth will
extend aldng the wall.

19. Twd lines, 0X, OY, are marked on the ground parallel
to the sides of a tennis court. A post whose top P is b feet
above the ground is placed 6 feet behind OX and 8 feet behind
OY. Another post, Q, 2 feet above the ground, is fixed 18
feet from OY and 2 feet behind OX. A bank of earth is to be
made whose surface passes through P and Q such that the line
along which it meets the level 18 parallel to OX. Find the
depth of earth over 0X and the slope of the surface.

20. A bench is 6 feet long and 4 feet wide. Taking the longer
sides as OX, place an upright®2 feet high at (3, 2) and another
1 foot high at (4, 3). A sheet is stretched over these points
and fixed along the edges of the bench. Find the equations
of the six planes thus formed.

21, The plan of three walls, BO, OA, AC, has the angle at
0=90° and at A=120°. OA=12 feet, OB=9 feet and
OBC=00°. OACB is covered by a plane roof resting on the
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walls, 10 feet high at A and B and 8 feet high at 0. Find the
height of the roof at €. Taking OA as X axis, find the co-
ordinates of the four corners of the roof and the equation of
its plane. ‘

22, Find the volume of the pyramid whose vertices are at

0(0,0,0,) A2, —3,1), a(o, 2, é) ¢(4, 0, —1), by finding

the equation of the plane ABC, the area of the triangle ABC
and the length of the perpendicular to it from the origin.

Equation of a Straight Line, given its Direction Cosines and
one Point on if.
Let the direction angles of the line be «, B, y, and
A (z,y,2,) & point bn it.
Let P (xyz) be any point on this line.

F1a. 132

Draw AM,, MN, parallel respectively to 8M and MN.
Then AM,=2—z,, M;N,=y—y,, N,P=z—2,.
Also since MAP is the angle o« we have
AP COS a=2—a,
Similarly AP cos B=y—y,
and AP cos y=2—2,
T4 YY1 2T
‘cosa COSP CO8Y
which is the required equation.
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_If this plane cuts the plane =0 at T, we find the co-
ordinates of T by putting =0 in the equation of the line.

Hence T _y—y
cos a cos B
& Y= —x‘ oos B =0V
Similarly z=z1_‘9}._‘,’.‘.’8___7=
COo8 «
N.B.—(i.) The equation ——2—3-—-'1-3—1 —z_.‘.i igthe equation

of a line through (2, 1, 4), and its du:ectlon cosines will
be proportional to 2, 3, 1. As on p. 165 it will be found
that the actual direction cosines are
231
vi¢ V14 V14
(ii.) The equatlon =t =

z—2 y— and y—l z—4
2 3 1
or 3r—2y—4=0 and y—3z+11=0

These are the equations of two planes and the line is the
line of intersection of these planes.

Comparing 3z—2y—4=0 with z cos «-+ y cos B+zcos y=p
we see that cos y=0 or y=90° the plane is therefore
parallel to 02, Similarly y—32+11=0 is parallel to 0X.

By manipulating two planes, one parallel to one axis
and the other parallel to a second axis, it will be seen that
a line in any position may be obtained by their intersection.

may be written

Equation of a Straight Line joining Two Fixed Points.

If the two fixed points are A (z,7,2,), B (zgys%s), it is clear
from a figure that

AB Cco8 a=xy—7z,; AB co8 p—y,-—y,, AB co8 Y=23—7
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Hence cos a, cos B, cos y are proportional to z,--z,,

Ys—Y1 222
Also AP cos a=z—z,% APCoS f=y—y,; AP CO8 Y=2—2y

Plar2)

F1a. 133

AP z—z, y—y, 2—2%
AB~ Tq—, yz—-yl zz—z1
Hence the required equation of the line is
T—Zy Y~ 2%
Te—Zy Yo—Y1 22—*
This result can, of course, be deduced at once ftom the
previous paragraph., .
The equation of a line through z,y,z, is
(2) T=T4_Y=4_*T*%
cos @ €os B coS vy
If the point (a:,ygz,) is also on the line we have

(8) —¥1

cos " cos B cosy
*. GOS8 «, o8 B, Co8 y are proportional to z3—z,, y3—yy,
Zg—2;. '
From « and B we have
T8 YT A
Zy—Ty Y2~ Y1 %%
When the equation of a line is given as the intersection
of two planes, say 22—3y+8=0, 4y—22—18=0, and it is

.
.o

S e
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required to write it in the form “—2_Y—U1_2"% o
COS © CuS B COSY

must find first the co-ordinates of some point on the line,
Take any value for z, say z=2, then y=4 and z= -1.

Now write the given equations in terms of z—2, y—4,
and 2+1, thus:

2(z—2)—3 (y—4)=0 and 4(y—4)—2 (z+1)=0

2—2_y—4_z+l
LK 3 — 2 — 4
and the direction cosines are —— 2 4 .
V29 V29 V29

The result obtained will, of course, vary according to the
point we select. If, for instance, we ‘take z=0 we get

8 11
y=3 r=—73 and the equation becomes

a;+1 y—3 ]

Exampse 1. Find whether the line (i.) —— =—g=—3

intersects the line (ii.) ‘—‘—“_‘_:—‘—“.

17 -1
z+4-1 y-—3 2—b
Let R —k

Then z=2k—1; y——k+3 z= —2k+5 represent the
co-ordinates of poxnts on (i.). I any such point is also on (ii)
2k—b_—k_—2k+1

=3 =1 =1
and by solving it will be found that £=1.

Hence z=1, y=2, 2=3, is on both lines.

Equation (i.) can be written 2o~ 5 -1 y_12 z 23 (by subtract-

ing 1 from each fraction), and equation (ii.) is z 31 y_12 z—13

(by subtracting 1 from each fraction).

we have
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ExampLE 2. Find the equation of the line which is the
shortest distance between the lines )

The required line must be perpendicular to both the given
lines, and as its equation involves the co-ordinates of some point
on it we take the point (a, b, 0) where the line cuts the plane
2=0 and assume for its equation

Since this is perpendicular to (i.) and to (ii.) we have
8l+4m+-5n=0 and 2l1+3m+2n=0. (See p. 168.)
. Slimin= —T:4:1
o 2_;;:?:; meets (i.) and (ii,)

—T24+a—1 424+b—2 2—3

."” 3 - 4 - 6 (iii.)
—Tz4a—2 424+b—3 2—1
and 3 =—a—=—p (iv.)
By eliminating 2, we get from (iii.) Bat4 &-ﬂ

38 ~ —16’
and from (iv.) —g- = ‘

g T 5 %02
e 0=—33" T 33

EXAMPLES XXIX

1. Find the equation of a straight line through (2, 3, 1) whose

_— . 1 1 2
direction cosines are —=, — —=, —=.
V6 V6 V6

2. Find a line through (1, 2, —1) which makes equal angles
with the three axes.

3. Find the equation of a line through (2, 1, —1) whose
direction cosines are proportional to 1, 3, 1.

4. Find the direction cosines of the line joining (7, 4, 3) and
(3,5, —2).
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5..Find the equations of the lines joining the points (i.)
(5 1,2), (=2, 3 4); (i) (=2, 0, 1), (3,2, —4;. Find the co-
ordinates of the point where (i.) mepts the plane z2=0 and
where (ii.) meets the plane z=0.

6. Find the angle between the line joining (1, —1, 2),
(—2, 3, 1) and the perpendicular to the plane z—2y+}2z=3.
What is the angle between the line and the plane ?

7. Find the length of the projection of the line joining
(—1,2, 0) and (1, —1, 2) on the plane 2z—y—2z=4.

8. Find the equation of the median through A of the triangle
A3, 4,5), B(4, 5, 3), (5, 3, 4) ,

9. AB=15 feet, AC=12 feet, are two sides of the floor of a
room whose height AD is 12 feet. E is 3 feet from DAB, 2 feet
from DAC, 3 feet from the floor. The corresponding distances
for F are 4 feet, 5 feet, 5 feet. Find where the line joining EF
will meet (i.) the floor ; (ii.) the wall DAB ; (iii.) the wall DAC;
(iv.) the wall opposite DAB ; (v.) the ceiling.

10. Find the equation of the line through D(1, 1, 5), per-
pendicular to the plane through A(0, 1, 1), B(4, 2, 2),
C(—3, —3, 2), and find the co-ordinates of the point where
the line meets the plane.

11, Show that the equations %‘2___!%}___@3‘_5 represent
the same lineaam_2 y=2 z—l.

2 5 3
12. Show that the lines (8z—4y—42=0, Tz+10y—8=0)
snd (3z42y+2z=>5b, z+y—22=3) are perpendicular.

13. Borings are made at O, A, B on & horizontal plane to meet
a geological stratum, which is reached at a depth of 50 feet at
0, 80 feet at A, 130 feet at B. A is 300 feet due E. of O, B is
300 feet due N. of 0. Considbring the stratum to be a plane,
find the depth at which it will be reached at €, 100 feet E. of O
and 100 feet N. of 0. Find also the slope of the stratum.

14, A diagonal is drawn on a rectangular sheet of paper
ABCD when AB=12 inches, BC=38 inches. The paper is then
folded along the perpendicular bisector of BC so that the two
parts are at right angles to each other. Find the angle between
the two parts of the diagonal.
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15. The shaft of a coal mineis 250 yards deep, and a gallery
130 yards long runs from its lower en({ in a direction 8, 40° W.,
sloping downwards at 12°. A second gallery leading from the
end of the former is 280'yards long, has a direction, N, 25° W.
and slopes downwards at 10°. Taking rectangular axes at the
pit mouth in directions E, N, and vertically downwards, find
the co-ordinates of P, the far end of the second gallery. If a
straight line were drawn from the pit mouth to P, find its length,
bearing and inclination to the vertical.

16. Taking as reference planes two vertical walls which meet
at right angles, the co-ordinates of the tops of two vertical poles
are (3:2, 45, 6) and (7-3, 7-0, 9). Find where a wire stretched
between these two points would meet the ground.

17. A cord is stretched between two points in a room. I
the three planes of reference are (i.) the N. wall ; (ii.) the E. wall;
(iid.) the floor, the co-ordinates of the two points are (5, 2, 4})
and (4, 5}, 14). The unit being 1 foot, find where the cord, if
prolonged, would intersect the floor and the east wall.

18. Two walls of a room meet the floor in 0X and OY, and
meet one another in 0Z. ABCD is a blackboard placed with
AB on the floor parallel to OX and 4 feet from it, so that AD
touches the wall ZOY and DC leans against the wall ZOX.
If AB=3 feet, AD=5 feet, find (i.) the equation of the plane
ABCD; (ii.) the direction cosines and equations of the diagonals
BD and AC. !

19, Find whether the line i—_—.T:_—‘1 meets the line
5 =1=3 and if so, write both equations to show

that the lines represented pass through the point of intersection,

20. Find the equation of the line which is the shortest dis-
tance between the lines 4z=3y=—2 and 3(z—1)=—y—2=
—4z+-2. '

Equation of a Plane passing through the Line of Inter-
section of two Given Planes.

Let the equations of the given planes be Az+ By Cz=1
and Alz+Bly+Cl2=1. Suppose XYZ to be any point on
the line of intersection, this point will be on both planes,
therefore (i.) AX+BY+-0Z=1 and (ii.) A X+ B! Y4 ClZ=],
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- Now consider the equation
Az+ By+Cz—1-+k (Alz+Bly+Clz—1)=0
Since it is of the first degree it fepresents a plane,
also AX+BY+CZ—1-+k(A'X--B'Y+C1Z—])
will be zero from (i.) and (ii.).
‘. XYZ is on this plane.
It must therefore be a plane containing the line of
intersection of the given planes.

Length of the Perpendicular from a Point to a Plane.

Let z cos « + y cos B+zcos y=p be the equation of
the plane and z,y,2, the co-ordinates of P. Suppose a plane
drawn through P parallel to the given plane. The per-
pendiculars from the origin will be along the same line, and
if p!is the length of the perpendicular from P to the given
plane the perpendicular from the origin to the parallel plane
will be p+p?, and its equation will be

z cos a-+y cos B2z cos y=p-+p

But z,%,2, is on this plane.

', xy cos a+ty, cos Btz cos y=p-+p
S, pl=x, Co8 a-y; Cos 424 COS y—p

Compare p. 51

If the given plane is Az+ By+Cz=1 it must be written
in the perpendicular form and the value of p* will be

Az, 1By, + 65—l
VATEBIE O

Length of the Perpendicular from a Point to a Line.

The general case leads to a complicated formula and the
method will be shown by taking an example.

Suppose the equation of the line to be

z—2 y—3 2z—1
2 5 3
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and that the perpendicular is to be drawn from P (3, 4, 5).
It is clear that A (2, 3, 1) is a point on the line.

Fia. 134

The length of AP?is (3—2)2+(4—3)*(5—1)%.

If PR is perpendicular to the line and PAR=6, then
PR=AP sin 6.

The direction cosines of AP are proportional to 3—2,

. 1 1 4
4—3,56—1—ue.1,1, 4—and are therefore -——=, —=, —=,
V18 V18 VI8
The direction cosines of AR are 2_ , 5~.-, 3“.
V38 'v/38 V38

_cose_l. ) 2+1 5+__4_—___§__
** V18 V387 418 4/38' V18 /38
19
== e .'. °=43° 24:'
V18 x 38
Henoe PR=29

Exampre 1. Find the equation of a plane containing 0Z
and the point (2, 3, 1).
The axis OZ is the intersection of the plane x=0 and the
lane y=0. Any plane through their line of intersection will
Eave an equation of the form x+ky=0. Since this is to con-
tain (2, 3, 1) we have 2+ 3%k=0.

S k= -g, and the required equation is 3z—2y=0
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_Exavrre 2. Find the length of the perpendicular from
(1, 2, 3) to the plane 4x—3y+-2=2. ’
Writing the equation in the form
Z cos a--y cos B2z cos y=p
dr 3y 2 2
we have VTRV, ARV TV
The perpendicular from (1, 2, 3) is therefore
41)—3(2)+3—2_ 1
V26 T V2%

and is on the same side of the plane as the origin, since the

perpendicular from the origin is also negative (é—--\—/%;é).

EXAMPLES XXX

1. Find the length of the perpendicular from (1, 3, 4) on the
plane which makes intercepts of 4, 5, 3 on the axes.

2. A plane passes through the points A (0, 1, 3), B (1, 0, —4),
€ (1,1, —1). Find its equation and the length of the perpen-
dicular to it from (2, 4, —3).

3. Find the equation of the plane passing through the inter-
section of 3z+2y—z=4 and 2—3y+2z=1, and also through
the point*(3, 4, b).

[

4. A plape passes through the point (2, 1, 4) and is at right
angles to the line of intersection of bz+4y+3z=0 and
3z—y+2+1=0. Prove that the point (2, 3, 5) lies on it.

5. Find the point of intersection of the planes 4z—3y+-22=4,
z+y+3z2=1, Bx—y—2z=2.

6. Find the equation of the plane which contains the X axis
and the point (3, 2, 5).

7. Three edges of a rectangular box are OA (6 inches),
OB (5 inches), OC (4 inches). I P is the opposite angular point
to O, find the distance of P from the plane through A, B and
C. If this perpendicular were produced, find how far from
OA and OB 1t would meet the plane OAB.

8. Find the length of the perpendicular from (1, 1, 2) to the
plane 2z—3y+3=5.
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9. Find the equation of the plane through (2, 3, —1) parallel
to 3z—4y+T72=0. .

10, Find the equation of the plane through the origin and
containing the line of intersection of the two planes
bx—3y-+22+5=0 and 3x—by—22="T.

11. Three edges of a rectangular box, 0X, 0Y, OZ, are taken
as axes. If OX=6 inches, O Y=4 inches, 0Z=3 inches, find
the equation of the plane containing the vertical edge through
X and the mid-point of the edge parallel to OX on the other
side of the box.

_ 12. Find the equation of the line in which the plane found in
in Qu. 11 méets the plane parallel to 0X which contalns the
diagonal Z'Y of one of the faces.

13. Find the equafion of the planes parallel to 3z—y-2z=12
which are 2 units away from it.

14. Find the equation of the plane through (3, 1, 2) which
is parallel to the plane 3x—2y—62="6.

15. The angular points of a tetrahedron are A (3, 4, 2),
B(1,21)c(41,3),D (=1, —1,3). Find the distance of D
from the face ABC.

If P(3,2 3)and Q (7, 4, 5) are two points in space, and
pq, p'q* the projections of PQ on the planes z=0 and y=0,

[4

q

\
N1

il L}

Fie. 136

the correct lengths of these projections may be drawn by
supposing the plane YOX to be rotated round OX until it
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is in the same plane as 20X ; p!N and pN, also ¢'M and gm
will then come in the same straight line.
If Zoy be supposed to be rofated in a similar way

z 7
]
2 o . In. M X
plr N, I)

/ M

q° 7
Y
Fia. 136

round OY the projections p’9" on ZOY may also be
drawn,
The point where a straight line meets one of the co-

Z

) it v
[0 A A V')

Fia. 137

ordinate planes (ZOY, say) may be found graphically by
noting that when the line QP meets ZOY at R, its projection
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gp meets OY at r, and its projection ¢'p' meets ©OZ
ab 7.

~

N
\\

Nbarcaesocntbrrecem e -y

bed

o

r

/ |

Y
Fia. 138

The co-ordinates of the point R are therefore z=0,
y=0r, z=0r1. (Fig. 138.)
Similarly for the other planes.

Equations of the Second Degree.

‘We have seen that the equation of a straight line in space
is given by the equations of two planes. The co-ordinates
of every point on the line satisfy both equations, and every
point whose co-ordinates satisfy both equations lies on the
line.

Two surfaces in general intersect in a curve and the
equations of the two surfaces will form the equation of the
curve of intersection.

For instance, in two dimensions the equation of a circle
is 2?+y®=a?, but in three dimensions this will be the
equation of a cylinder, since fér any value of 2, the points
whose distance from the Z axis is @ will be such that
2?+4y?=qa®. The equations of the circle in which this
cylinder cuts the plane XOY will be z2+y2=a?; 2=0.

Exampre 1. Find the equations of the locus of a point whose
distance from the origin is 3 and which is equidistant from the
points 4, 0, 0 and 0, 4, O.
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Jf P (zyz) be any point on the locus the first condition gives
2%+y*+2°==9, which is evidently the equaticn of a sphere.

The second condition gives

V(a4 =V R (y— 42
Lo TY=

This is the equation of a plane wlich contains the Z axis
and which intersects XOY in theline y=z. The required locus
is the intersection of this plane and the sphere, and 1s therefore
a circle.

ExampLE 2. Find the curve determined by the intersection
of the plane z=2 and the surface y*4-22=4x.

Since the co-ordinates of points on the curve®of intersection
satisfy both these equations we may write z2=2 in y?422=4z
t.e. y*=4z—4.

Now y2=4z—4 is the equation of a parabola in two dimen-
sions, hence in three dimensions it represents a cylinder with
a parabolic surface which cuts the plane XOY in the curve

=4z—4. Thecurve given by z=2 and the surface y*-+22=4z
1s therefore the parabola in which the plane z=2 intersects this
oylinder.

ExawmpLE 3. Find the nature of the surface given by the
equation y’-z%=4r.

The surface passes through the origin since the equation is
satisﬁed'by (0, 0, 0) and it does not cut the axes again.

The equation being unaltered when —z is written for -z the
curve is symmetrical about the plane XOY. Similarly it is
symmetrical about X0Z, and therefore about OX.

It cuts (i) the plane XOY (2=0) in the parabola y?=dx;
(ii.) the plane X0Z in the parabola z?=4x; (iil.) the plane YOZ
in the curve y*+4-2°=0, which represents a point circle (radius
being zero).

The surface is cut by the plane z==a (parallel to Z0Y) in the
circle 2°4-22=4a; the greater a is taken, the greater becomes
the radius of this circle.

The surface is cut by the planes y==b and 2=b,, in the para-
bolas 22=4z—b? and y*=4z—b %

Paraboloid of Revolution.
When a parabola is rotated about its axis the surface
generated is called a paraboloid of revolution.
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The equation of the parabola POQ lying in the plane z=0
is y’=4az—1.e. PM>=4g MO,

Suppose this parabolo rotated about O0X so that mMP
moves upwards through the angle NMP. The relation

2
e
ol ~ M
. X
4
Y P
F1a. 139

PM?=4g . OM still holds good, but if z, y, z are the co-
ordinates of P we have PM2=y24z2,

Hence the equation of the paraboloid is y2+22=4qz.

If the parabola is drawn with OY as its axis its equation
is #?=4ay, and when it is rotated about OY the equation

b4
P
o M pd
A
. l/y
SN
v/ TTeeal_.
Fia. 140

of the resulting paraboloid will be z*+2*=4ay. Similarly
& paraboloid with 0Z as its axis will have the equation
2:+yP=4az.
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Ellipsoid ot Revolution.
If an ellipse whose centre is at the origin has its major
axis along 0X and lies in the plane®=0, its equation will be
§;+-’g—;=1, 2=0

If this is rotated about its major axis it will be seen that
the distance of any point P from the major axis will become
Vy*+2* instead of y, and the equation of the ellipsoid of

2 2 2
revolution will be 33-2—}-‘—— ;-~=1. This i8,known as a

prolate spheroid.
If the curve is rotated about its minor axis which lies
along oY the equation of the solid generated will be

ZAZ ¥ 1. This is called an oblate spheroid.
If in the ellipsoid of revolution given by x:+b2+bz
we shorfen each z in the ratio 5 e obtain a solid known as
B Cox? oy 2R
the ellipsoid whose equation is ST pet=l1

The section of this solid made by each of the three co-
ordinate planes will be an ellipse.

Hyperboloid of Revolution.

The surface obtained by revolving the hyperbola
:c"

=1, 2=0 about its minor axis has the equation
$2+22 y?_
a® T2

This surface will be all in one piece and is called a hyper-
boloid of revolution of one sheet.

If the curve is rotated about its major axis it will be

b‘z
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2
in two pieces and its equation is ?—--y ;zz

a hyperboloid of revolutwn of two sheets.

=1. Itis called

If the 2 of the sohd b2+ 2_1 is reduced in the ratlo -
z

Fia. 141

the solid is a hyperboloid of one sheet whose eqflatlon is
x2 y2 22
Gt a=l
a bz
»2
Fig 141 shows the solid ‘+b2 ==L
Z

I'ie, 142

Similarly the equation of the hyperboloid of two sheets

. xr oy 2R .
is 5_2-%’_%=1' (Fig. 142.)
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Cone of Revolution,

If the line y=max, 2=0 is rotated about the X axis we
obtain the cone whose equationt will be Vy2+4z2=mz
or Y422 =mz?

.

EXAMPLES XXXI
1, Find the equation of the locus of a point equidistant from
(6, 4, 3) and (6, 4, 9) and also from (—5, 8, 3) and (-5, 0, 3).

2. Find the equation of the locus of a point 2 units above the
XY plane and 3 units from (2, 1, 4). R

8. Find the equation of the locus of a point 4 units from
the origin and equidistant from (3, 1, 2), (—3, —1, —2).

4. Find the equation of a sphere whose tentre is at (2, 0, —1)
and which passes through (1, 4, —2).

5. State the equations of the curves in which the following
surfaces cut the co-ordinate planes:—(i.) z?+4y>+922=16;
(ii.) 2%+ 43 —1622=0.

6. Find the equation of the solid generated when the line
y=maz-+b, 2=0 revolves about (i.) the X axis; (ii.) the Y axis.

7. Prove that the equation Az?4-By?>4Cz?=0 is the equa-
tion of a cone by showing that if a point P(z,,2,) is on it then
any pou;t on the line joining P to the origin 1s also on it.

8. Find the equations of the curves in which the surface

U

‘E-{- p =% is cut by planes parallel respectively to the co-

ord_mate planes. The solid is known as an elliptic paraboloid.
Give corresponding results for the hyperbolic paraboloid
2
z——§=4z

9. What solids are represénted by the following equations:
—(1.) 224-4924-922=36 ; (il.) m2+z~ 16 ; (i) z®+2°=4z.

10. If r, be the semi-diameter of an elhpso;d whose direction
cosines are , m, n,, prove that lz_f:z_}_m] 4o 5 Hrinn

are three semi-diameters mutually at right angles prove

1,1, 1 111
et ateta
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MISCELLANEOUS EXAMPLES

R

1. A right triangular prism rests with its base ABC on a
horizontal plane. Points D, E, F are taken on the vertical
edges above A, B, and C, so that AD=10 inches, BE=8 inches,
CF=18 inches. Find the height of the centroid of the section
DEF above the horizontal plane ABC.

2. OX, 0Y, 0Z are three edges of a rectangular box whose
base is OXAY and whose top is ZBCD. If the co-ordinates of
C referred to 0X, OY, OZ as axes are 4, 5, 3, find the equations
of €X and CY and the angle XCY.

3. Find the equation of the plane bisecting at right angles
the line joining 3, 4, 6 to the origin.

4. Find the equati¢n of the Jocus of a point which is equi- -
distant from the points A (1, 2, 4) and B (4, 3, 2).

5. The plane g+g+2=l cuts the axes in the points A,B,C.
Find the area of ABC.

S

1. The co-ordinates of 3 points being A (2, 4, 5), B(, 2, 3),
€ (3, 6, 2), find the length of the projection of AB upon OC.

2. Find the equations of the lin¢ joining A (1, —2, 3) and
B(—2, 3, 1). Find the angle which its projection on the XY
plane makes with the X axis.

3. From the point A (p, g, r) perpendiculars AP and AQ are
drawn to the planes YOZ and XOZ respectively. Find the
equation of the plane parallel to 0Z which passes through P
and Q.

4, A man stands on a low roof with his eye 17 feet above the
ground opposite a rectangular wall ABCD, of which AB and
CD are the vertical ends. The angles of elevation of the points
A and C are 45° and 20° respectively, and the plane containing
his eye E and AB makes an angle of 45° with a vertical plane

erpendicular to the wall. His distance from the wall is 70
eet. Take as axes OX, OY, 0Z, the lines through his eyes
(i) perpendicular to the wall ; (ii.) horizontal and parallel to it ;
(iiL.) vertical. Find the co-ordinates of A, B, C, D ; the equation
of AC; the area of ABCD.
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. 5. A sphere is described with its centre at the origin and
radius 7. Find the equation of the p.ane which touches the
sphere at the point (2, 3, 6).

T

. 1. A rectangular board ABCD is supported so that the co-
ordinates of three of its corners are A (2, 3, 4), B (5, 4, 6),
€ (8, 7, 9). Find the co-ordinates of the mid-point of the
diagonal AC and hence find the co-ordinates of the other
corner D.

2. Find the direction cosines of the line in which the plane
of the blackboard in Qn. 1 is cut by a plane which contains
the Z axis and the point C.

3. A straight line joins the points P(—2, —1, 3) and

.0(3, 2, —1). Find the angle it makes with OX and the
length of its projection on OX.

4. OX, OY are two edges at right angles of the bottom of
a sloping desk whose lid is a plane passing through a line
arallel to OY and 4 inches above it. The gradient of the lid
18 1 in 5 and the line of its hinges is 8 inches above the plane
X0Y. Find the equation of the lid and find whether a point
6 inches from zoY and 5} inches above x0Y will be above
or below the lid. Find the lengih of the perpendicular from
this poigt to the Lid.
5. Th® lines 5:3—;——1 =;' and :522:9_3_1__2 41 intersect.
Find the distance of the point 4, 3, 2 on the first line from the
point of intersection of the lines,

U

1. Find the equation of the plane parallel to the line
z I 2_"{ 31—z 23, which contains the points (=3, 1, 2)
(0, 0, 0),

2. Find the equation of the line AB in which the plane
22+ y-+32=17 meets the plane XOY, and find the Z co-ordinate
of the point P on the former plane for which z=1 and y=3.
Let the point on the plane XOY vertically under P be N.
Find the length of the perpendicular NK drawn from N to the
line AB and find also the co-ordinates of K and the inclination
of the ling PK to the plane XOY,
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8. A plane makes intercepts of 1, 3, 2 on the axes 0X, OV,
0Z. Another plane perpendicular to it contains the axis 0OZ.
Find the direction cosines of the line of intersection of the two
planes.

4, Take a point A in the axis OX, draw AB in the plane
ZoX, making 60° with the positive direction of 0X ang AC
in the plane X0Y, making also 60° with OX. If AB is 4 feet
long and represents the elevation of a stick AD, of which AC
is the plan, find the direction cosines of the stlck and its
length.

6. Referred to the intersection of two walls perpendicular teo
one another wjth the ground, the co-ordinates of the tops of
2 posts fixed in the ground are A (5, 5, 7), B (8, 4, 9). A wall
making 45° with the positive direction of OX meets 0X
where x=6 and a rope stretched from A to B just reaches the
top of this wall Find its height.

A roof from the edge of the wall rests on the tops of the
two poles and is brought down to the other two walls. Find
equations of ite lines of intersection with the walls.
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CHAPTER 1

Examples I. (p. 4)

5 8 8 2. V5353 V13, 8. (2, 4)(1, 4).
Parallel lines. 5. AC=BC=V 65
AB=DC=V#; AD=BC=V72.
VZZEF(y—1)7; at+y?—2y=15.
V+2i+yt; Vie—2¥+y¥; z=0. *P lies on OY.

s N 8 8
\/1*3:.___“*‘ 10. 3v2y 3 3. 11. (g, §).
Vie—2y tyi.

Examples II. (p. 10)

rz=%32, 2. z*+4y'=186. 3. y=2z.
y==V3z. B. 23 —3y’—2r—4y+5=0.

102+ 4y —27=0. 7. 32*+43y*—162—8y+20=0.

1 —Lr+yt— 4y —4=0, 9., y*—dy—6z+1=0.

2* -e4x+ 4y — 8=0. 11, z4y=2.

328 4 3y? — 10z 4 3=0. 18. a?4-y*=25.

22 +y*=16. 16. 3z—2y+6=0. 16. y=3z.
y=2z+1. 18, y=4z-8.

Examples ITI. (p. 13)

(L) 2zx—y—1=0; (i.)2x—y+7=0; (ili.) z—y—1=0;

(iv.) z—y—5=03 (v.) x—2y=0} (vi.) 22—3y+6=0.
(i.) 3z—2y=0; (i) »—2y+5=0 (iii.) 22—3y+7=0;
(iv.) z—y—1=0; (v.) 2x—y—5=0 (vi.) bz—6y—2=0.

Q) (% g); (i) (=8, 1-8) (18, —8)) (i) (0, 0) UL, 2).

(—%, —%), 5. 3z—y—5=0. 8. y=¢§x.
(2,0) (3, —2). 8. (4, 2). 9. No.
3z —2y+41=0. 11. 0; —23 (0, —4).
0, —1) (1, 0). 18. V40. 14. zy=10. 15. +13.
199
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CHAPTER 11
Exsmples IV. (p. 23)
1. () —2 3; (i) %,3; (3id.) —%,2; (iv.)g, —s.

2. () g=22+1; (i) y= —2z41; (i) y= —22—1°
(iv.) z—2y+3=0.
8. (i) 3z+2y—6=0, —>; (ﬁ.)sz-2y+s=o,g;
3

(iii.) 3z42y+6=0, —5.

4 (i) y=-§§)+2; (i) y=Vv3z4+1y (i) y= —V3z41.

(iv.) y= —V3z—1.

5. (i) 2z—y—1=0; (ii.) 2z—y+7=0; (i) 2z—y+1=0}
(iv.) 2z4+y+7=0; (v.) 224+y—1=0; (vi.) z—2y=0;
(vii.) z-+2y=0.

8. (.) 3x—2y=0; (i) z—2y+5=0; (ili.) 2z+3y+ 8=0
(iv.) z+y—2=0; (v.) 2z—6y+1=0.

12

x y__ . 12
e 8. 4,8;
9. 2 1. taua:%;a=18°96’.

. ) L1017y o) (813
10. (i) (3 6); G) (5. 5 (i) (5 5 )+

Mo, -2 @ (2 -y ) G (5 -3).
1. @) (6 11): G (5, 9).

12. (1) y=2-2; (ii.) a—2y—1=0; (iii.) 2z+y+ 4=0.
18. AB, 3x—5y—1=0; BC, y+2=0: CA, 3z+y—T7=0.

o
18, 37—2y—4=0; 3z—1ly—13=0; 3z+7Ty+5=0, (g,—x).
15. 2z+y—5=0. 18. z+y=4. 17. z=0} 4z—3y=0.

18. c=5+%. A straight line. g

19. a=0+2, b=15. P=116. . ,

20. s=vt. A straight line through the origin, gradient v. s=vt4b.
A straight line, gradient v, intercept on QY =b.

21. 4-07 ft., 13-82 ft. 22. 20 ft. behind OP, 4-2 ft. behind OR.

23. Jmls E,Tpmis N. 26 1} 2. 0. 26, 59, —3:39,
27. (8, 0). 28. 6. 29. v50.
30. 76% yds.; 300 yds. from D. 31, 63 ft. 10 ft.

— 8 10
82. V160. 8. 5 3
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Examples V. (p. 28)

(i.) Positive z>1 or < —3, negative 1>2z> —38.
(ii.) Dositive > —3, nogative z < —3.
(iii.) Positive >3 or £< —3, negative 3>z > —3.

3 >z>—2,

(i.) Axes are asymptotes; (ii.) ¥ negative when 2 is negative ;
(vi.) z="5 and y=2 ere asymptotes; (vii.) z=0and y=1 are
asymptotes. Curve touchos y=0 where z=13 (viii.) y=3 and
z=1 are asymptotes; (ix.) z$2] z=0an asymptote. A cusp

at (2, 0)) (x.) = —2 and yzg are asymptotes.

CHAPTER III

Examples VI. (p. 37)

i) 6x—y—3=0; (ii.) 2x—y+1=03 (iii.) 2x+y—38=0;
(iv.) 2z 4+y—~b6=0; (v.) y=1} (vi.) br 412y —27=0;

i)y —p=m =2 @z i) y—y,—{ (62y)

z—yt+at*=0. 8, y—y,= =Y (:c—:c,)l A =2c¢.

63° 26’ 2-1. B. (—4,0) SP=ST=5.
yy1==3,(x+r,): (24, 12).

4
._J -
3: 3"2 3 2) tan f=_1 Q(“’x—yx xl—yx)x

4
A nzd, 8. x—4y428=0; (28, 14).
R(xrl'.lx er/x)’ = vt ¢ )

= o) (o. %) 10. (% -2).
32—y —2=0 (% o) ©0, —2). 18. ; ("16" +16a))

y—32=144 (z—3); (0, 5) (~1, 0) (2, -27)
*
Examples VII. (p. 42)
(l)~' (ii.) 13; (#i) .
(i) 135°. 18° 26/, 26° 34’1 (ii.) 90°, 33° 41, 56° 19",
z+y=6; (0, 6. 4, 3242y—13=0.
2z+3y—17=0. 8. 6x+42y—17=0,

20 Yy
y—yl="l—“ (x=z,)) Y= %a (x—a).
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% G)gs 60) 25 G) TP v) o

10. (i) ar—by=0; (ii.) %+my=0; (iii.) y== tana.
11. Sides =V10; 2r—y—4=0; z+2y—"T=0.
8421 (y—y,). Perpendioular

1

a—
12. z—z;=—

Y=y )t z—2z,=

(a‘_”;l) (GH5)- -

18. Take C (0, 0), A (—a, 0), B(0, b).

18, y—b=mz; y+b=—Z.  16. 7T4° 45'; 34° 42’} 7T0° 34".
16. 3z—y+11=0§ z—y—5=0; 3z—2y—2=0; (—8, —13).
17. 16 15 18. z42y="7; x—2y-+5=0; 53° 7’

™7
9 21 21
19. 3z—1ly+413=0;,11z+3y—39=0. 20. Vi ‘m. 720

21, (9, 12) (1, —4); 22—3y+18=0, 2z-+y+2=0; 29° 44’, 53° 8"
22. (g t2)| Ox+y—5=0) 2zF4y+5=0.

28. 2—2y+8=0; 2, —-%.
24. b5x—11-8y+34'76=0; bx+6-8y+11'5=03 —4, 1:25.

CHAPTER IV

Examples VIII. (p. 49)

1. 3z—2y=86. 2. :c+y=6 y=x+2
(iii) — 3o+ =1

5. —+-=1 8 ()2 ()2 . -=;/’”—3
8. y—b6=13(z—4)y (2:33, 2:11).
9. 2 cos 60}y sin m:?i‘%igg :L‘Q/j’
10. 5z—8y+16=0 . {+i=1
18, Ztge=1. 16, Le4dy=l2, 12

15. 233°8'." 16. 16° 16”.
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Exzamples IX. (p. 55)

.. 8 " ey 13 . Az, b3y +1;
1. (i) == ) 0; ) )=
(i) N/— (ii.) (iii.) 5 (iv.)
(v)~/2._(200530+3sm30 1) ; (vi.) 2 8in 60 +cos 60—2.
. . .. 163 .. aVitmt 7
2. (1)1} (n.)l—sy (iid. " 8. —x_/fs
a1 o1 5 8 10
‘. \/5' \/3‘4' 5. 5. 2\/2 8. Va. 1. 3\/3.
8. XAY=0, 16xt 4 0Y 424XV — 170X —40Y +376=0.
9. (i.) Opposite; (ii.) opposite; (iii.) same ; (iv.)gpposite.
10. =%, 485 1. 2 g5 pMmiPN=—2%_,
vs Ve 5 Vai4bt
PURLS 18. 52+12y=39; bt 12y= —I13.
15. 2-1. 16. (—=z, 0); Vala+z,).
b:cl—a' —bx, —a?

17. LV 18. z,'4y.2=
\/"’1 +¥,* ‘/"x”‘i’yl . v

ab
19. 3xz+44y=2b. 20. p-VFﬁ and ab=a-+b.

Examples X. (p. 59)

1. () e4+y=0, z—Ty=0; (ii.) z+y+8=0, z—y=0.

2. 2z-ey—3=0, z+3y—4=0.

8. z—2y+4=0, 2z+y—12=0.

4, (i)z+y—3=0,Tx—Ty+1=0: (ii.)x—y+36=0,Tz+Ty+ 12=0.

B. 7z 9y—4m0, Tz—1Ty—38=0, 5654 Ty—117=0, (205 ‘1;7

6. (i) l4z—2ly+2=0,  3z+dy—T=0, 172— 17y +5=0.
(ii. )"la:+l4y—10=0, dx—3y—1=0, 172417y —9=0,
(119 1i9 7. Tz—9y=0, 2z=3, 9z 33y=>52.

8. z—6y+8=0. 8 —2)(33 —1i2

10. Gx+8y—25=0, 6z-+8y+16=0.

11, 1924 3y+26=0. 12, x+Ty—2=0, Tz—y=0.

Examples XI. (p. 62)
1. ety=k. 2. zty=k. 8. botay=2k.
. @l b. 2s—4y=a—2b.
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8. A straight line, perpendicular from origin=2. (i.) A line at
right angles through (2, 3)j (ii.) length of perpendicular from

@, 3).
7. (2 cos 6, 3 cos 642 sm 0)3 Z "_l__§4£> =1,
8. z—y=4if Y axis is positive upwards, origin B.
a,B_ =2 =
10. 5+y_l‘ 11. Locuaz+y—2. 12, +b OA
13. z+y=5. 14. .—,“—z+%=1. 16. az—by-+bp=0.
17. 2*-2zxy-2(a+b)+y(a+b)+ab=0. 18. 2*—2zx—4y+45=0.
19. 4”2;“+4"f);c=1 where OD=d, OC=c, eto.
20. zml2 cos u;l-Qsin 0; y= 16 cos 0-5}-1281!19' 42— 3y =m0,
21, =z=0. . 22, z*—yl=at.
28. 2m*a®+y2(3 +m?)—2mlax —2may +miat =A(1 +m3),
8
24. y—§= —ﬁ(z——)
Miscellaneous Examples
A. (p. 65)
1. 9. 2. 3x+4y—65=0; z—y—4=0 (3, =1)
- €
3. z+7=-1| 2 Foy\24+1=03 90°.
4. 162'4-242y+ 9y® +12c— 66y +21 =0,
5. 3z+4y—26=0.
B. (p. 65)
1. oz+by—a'=0. a+b) (a+b a+b
3. 992+427y—130=0; or 3z—11ye«=0.
4 ’
4 (5, 1). 5. (—3,0) (2 0)(0, 6) (0, —1)5 5 7.
C. (p. 66)
1 6 4 .1
1. 2z4y=0. 2. (65. %) (35 35)-

8. 67°22". s ‘i'li;i’. B. z+y—Tmo0.
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D. (p. 66)
4 8 37 4 )
o= — =11 (1.3) ¢ 11 (=1, =3) (—4, D)
328+ 3y  + 4z — 16y + 12=0.
12 23 z ,y
718 4 oo to=1

8z—y—4=03 2+3y—8=0y (—4, —186).

E. (p. 67)

13 = . 1,3
5’ 0)- 2. y-=2xi3\/5, Yy= —éztvg.
— == H ® ?_’_—.__azl 2 | ﬂfﬁl
ay—bz =2k} 90°. 4. (a. o ), (p-a. ™ )
(z;+2a), 0t y*=a(z—a). .
F. (p. 67)
ab? a’h 3 8
R aiab T Frabrts - 3
2 4\ /1 13 194 11
33) v 7) 6. (~+5) (25 —2)-
G. (p. 68)
y*=(z - OA) (z- OB).
3:73,0:27; y=373(x—4); y=2Tz+44. 6. y=2z, z=0.
. H. (p. 68)
48 36 4
5 3 & (L3) 5. (3 3)
CHAPTER V
Examples XII(a). (p. 72)
i) 63 (i.) 13 (iii.) a4y (iv.) —4;
(v.) @y (bg —by) =by(a3—a;3)-easb; —asb,.
13 3 . 1 13

6 5 g @y-nor @ - wy-LB

Examples XIK(d). (p. 74)

@8 @)2r )@+ (w31 (e ()12

(i) z—3y4-T7=0; (ii.)bz—~4y—6=0} (iii.) 2+ 6y —7=0;
(iv. 42—y —6=0; (v.) bx—2ay+abm0} (vi.) 24 2y—4=0,
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CHAPTER VI

Exampfles XIII. (p. 80)

1. (i) =0, y=0; (i) z=2, =1, (ili.) ze=4y, 2=y,
2. (i) z—4y+4=0, z—y—1=0, 31°; .
(ii.) 3z+2y—1=0, z+y—1=0, 11° 19’}
(iii.) z=b, y=a, 90°.

8. (i) 2*4+y*—4x—2y+1=0y (ii.) 2*+y*+ 6z —4y —3=0.
4. (i) (—2,0)3; (i) (3,0), VI3; (i) (0,0),0; ‘/__
. 1 1y 1 2 1 101
(iv.) (é "é) I A )(0’— ) L 63 E) T2
5. (i) x’+y"—4:z:—6y——l3 (ii.) £*+y?+ 5y - 30=0;

(i) 2+ 42 + 22+ 10y +1=03 (iv.) 522 — 14r -} by + Ty —24=0.
8. () P —dzt+y'—fy+4=0; (i) 2°+4r+y?—6y+4=0.
7. (1) D+y*=9; (ii.) 2%4y2=32.

8 () dwtay=12: () LT G eoiprgorp-,

9. z4y*=b*—a'. A point circle at the origin.
10. D+yt=ky, (0. ’Q‘) 11. 2244 —8z—10y+1=0.
12. Bz‘—lﬁy’—":cy-i-llq—--—o 828 — Sy - 15 =0,

14. (1_1:;‘ %)( 123 13) 13 n) (0. 0). 15 F—yi=P.

16. 2 —z(x;+2,)+y* —y(y,+¥2)+ 2122+ Y 1Y, =0.

17, 2x+y—4=0, z—2y+3=0, 2a%— Sy —2y2=0.

18. =z+4-2y=0., 20. (3, 3)(1, 1) 21, 41,
28, 82° 43’ 24, V19

Examples XIV. (p. 89)

1. (1) y*=4(z-1); (ii.) y*=16z; (iii.) 2' =8(y —2)y
(iv.) (4z43y)* —202—140y +10Q =0 ; (v.) y’- —8z}
(vi.) 2= —8y; (vii.) a3=—8(y—2).

2, (i) (y—20=8c; (i) (y—2P=—4(z+1)

(iii.) (x—1P=—4(y—3); (iv.) z—1P=12(y+1h

8. (i) A(—%. —i) s(—%, o), 2y+1=0}

1 Ak 1) 8(3 ) om0

(i) A(=1, 1) s(—%. 1). 82+9=0)
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(iv)A(-~, 2) (-4 n 1) 8243 -0.
(v)A(-3, -5)3(-—3 --—-) 49+21=0.

dz—y—4=0, (0, ~4) SP=Z.

z+y—3=0, G(3, 0). NG=2. 7. y*+2=0, 4a*—y=0.
31254 54,66, 8-6, 11-4. 9, 96, 84.
6=o0, b=l, ¢= _"lo' b ft.y 3-75 ft.
8° 32’1 6 ft. L S
32’1 6 13, ( - 4)‘).

(i) (4z43y)*—38 —66y +46=0. Axis y—1l== —-g-(z-l),
(i) (3z—4y)*—002+80y+100=0. Axis 3z—4y—10=0.
71 922\ 14
(5 25) 5

Examples XV. (p. 99)
() +y==1| (ii.) —+!_]

(x—zr (y—19_ Va

g T =lhie=

()= —2); (i) (—2 2)p () (1, 2).

(i) {2,007 (2, —4- 7). (i) (=447, 2) (0-7, 23

(iii. )y (478, 2) (—2:78, 2).
91;’+84q' 247y — 170z — 360y +475=0.

—1) ']
G) B2y Gy eA2h W38,

.

4
2
() 2+ L= (ii.) 208 +dyr=11.
1 ]
ﬁ+”7=1. 9. PC,+PC,=r,—r,=const.
0-66. 1. 1047, 447"

]
(i) 3234 5y*=2321 (ﬁ.)‘;’—’l+%=1, (iid.) 144+l28 13

(!v)—-+9=l

¥ 1 e . 72

9-} 4 1 67 14 21;

SP=a; ae=0 .'.e=0;g=oo. 16. 1:7. 17. SB=a=3.

o -1t = =bsinf. 20. A/2
2+—--‘——— 1. 19. z=a cos o,y b sin 6. 20, 3
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1.

3.
4.

7.

8.
11,
12.

14,

1.

8.
5.

10.
12.

1.

2.

4.
6.
8.

10.

12.
14.

CO-ORDINATE GEOMETRY
Examples XVI. (p. 104)

+204, 0. 2. )6, (1 __2) 12; (i) 529, (—2, 1), 224
23+ Y3+ 62y — 16z — 8y + 8=0.

r,—rg=«. 8. (i) 1 34 (ii.) 1+26.
B gl o g v ‘
(i.) 9—-4_“ (11‘)5(-s o5 =l| (m) ‘.0‘1’
Va. 9. SP. S'P==e(:c—é)e<z+-e).
(i.) Two lines § (ii.) circle ; (iii.) rectangular hyperbola,
_ bx at\}
2?—:)P-2 18, y=+2 (1_;,)
i %4 15. AN. A'N=(a+z,) (x,—a).

Exumples XVII. (p. 106)

23+ yS=al.
(i.) 3z—4y+56=01 (ii.) 8atr=y%; (iii.) ry=0l.

2+ yt=qa?+ b3, 4., y*—2y—x+42=0.

¥ —Or+y?—By421=0; (3,4); 2.

x’ ¥ =1. 8. 20—yl 31 8

P Tt~ T . —y?=4. 9. z'4y*=3axy.

(>%+(b) L. 1. 22_yp=

ON=>b cot 6, PN=a cos 6 sin 6.

Examples XVIII. (p. 110)

Origin at centre of circle and xz=« the line; the locus is a
parabola y2=\"—22\ whero A=«+r.

. o PR
y3=2AS ($_IE) (origin A). 3. z‘+"’7=g4-.
=2 +S.2_~‘L_ b =1. 5. z=,{c— (origin X).
y¥m+ )3 =4amiz. . 1. y*=2ax.

1 L9 £\ (Y
(y——l)’—H'z" 8. (a) +( a )_l‘

zﬂ 2
Sth=1 Ge=1 11, 2'—y*—50y=0; V2.
]

(Bfa)"}%i:“ e=37. 13, y(m4n—2x)=z(2mn—mx—nx).
2zy =x(2—ab). 15. x’+y'—2xa(i+:.)+a’

Am=l,z=0) A=2. z‘+g‘+%gaz+a'=0.
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CHAPTER VII

Examples XIX. .(p. 115;

22+ 3y=13. 2. z—6y=0.
3z—2y+13=0, 224 3y=0.

(i) 3z—4y+8=0, 122+ 9y—6S=

i) =1, 0y, —dyz,- 5r,y, =01

(iii.) 3x+5y=14, hr—3y—12=0
(iv.) 8z+y—4=0, z—3y+2=0.
3z, — 8y — 16y, =0.

0,0)(*2, £4). At 2, *4, %:155'

200; 45% 446t 10. . 1. myto=0. 12, -%
Examples XX. (p. 119)
g. 8. (i) z—2+4=0; (i) 4z4+3y+20=0;
(iii.) y= —zt V2T
5r — e 0
. =+ + + —_—
r=mt. 5. y=*+v3z+Vi3. 8. _\/3
N Lokl N
- g —Vatbt TVaris
16 .9 _ 3 1, 3z 13
ig. Iy 50. 13. y-——4—4,y=-— +4
1
(3a, +2aV'3); (3 __7—~ 15. y=74:z:+9: y=f4-+l.
z=1 tangent; =2 real points.
Y= kz * (o813, 18. atty, alty 1)
Examples’ XXI. (p. 128)
y=4 2. 4.’E+9y=0.
W (o 2)1 @ (52 3)
82— 5y =0. 5. %. -g .
V117
@) (13'
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8. PQ="z,—y, 10. (z—a) (y—B)=k.
11. (3, 2). 12, z4-2y=4, 2y—2z4+y=4; 24+2y==T.
18. 416ay=9. 18, zbyP=2ct. 15 (f“’—"-‘!‘—” _2e
. 24 16sy=90. . z-tyr=2ct. - (7 o)
2 2.
17. tana=". 19, 2% 20. y=22
a 4 a

238. Draw two sets of parallel chords, the loci of their mid points
meet at the centre. Draw a circle and bisect common chorda.

2a bt 1 b
24, m=Z—>0; m=_ Z,+!-/?-—>;.

CHAPTER VIII

Examples XXII. (p. 136)
4. ar®—alyt 4 26zyt —y=0. 5. y*=16alz+2a).
8. y'=4a(z—3a). 8 y=2

bR

15. Chord y=mx+c, V(X, Y), VG is y— Y= —7—:'(3—)()-
S AG=mY+X=2a+X. 17. 4.

Examples XXIII. (p. 140)

4ot 4t 4D +3
4, ‘§3+ 9 =1y 5 030, k)
2 -
6 Z4+l=1:3vi 4 9. 16
12. Produce SY to meet §'P! in R. QSY=YSP!=P!RY.
14. (P42 =a%? 1132 16. 4, 2-6.

Examples XXIV. (p. 144)
1. 9’—;—',“—32—‘31}{;1.

8. Join PS, draw SZ perpendicular*to SP.

Miscellaneous Examples

1. (p. 145)

1. 23 44z4y*—6y4-8=0; 2x+y—4=0.

2. 2*=4da(ly—a); *=4ay. 8. See. p. 131,
4x3 (2y D)

L 5. y=matl,




1.

2.

4.

1.

8.
4.
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J. (p. 145)
2~ 6z+y* —8y+8.4=0, 2. y=vV3zr4+-L 7 (3 J)
z WV Ifm 2
Y= —-"m 4. (t, H—l)' y=-——~z+l,
0-74.
K. (p. 146)
2 04 4 RA, -1 a=s
10
19 2 5. 2° 0-76.
L. (p. 146)

Draw circle PSR on PR as diameter. Draw YS perpendicular
to RP. SP=49; $Z=34.
z=z, cos 30—y, sin 30; y=y, cos 30-'!-11 sin 30

V3@ —y)4 22y, =de. 8. -g.
Oyt = (a3 4 g2 2. 5. 4.
M. (p. 147)

Draw common tangent to circles centre P, radius 2:5 and
centre Q radius 5. 3-9.

(i.)zg,o); (i) (66, 0) (444, 0): (i) 53 (iv.) +78.

27z80. Cusp at z=2. Asymptote z=0
(2z2—y+3) (z+2y—1)=0. 90°

i (27-P—2P=9), Pd—_gim],

25— 22—y +1=0. 2. zy=2. 8 = —1.

Divide SH externally at K in ratio 3:1 and draw circle on
GK as diameter. SP=148.

(3t #

b5z - ay+10y 100=0; zs+ 20y - 200=0; z* - 4y* 12O:z:+40yx=0.

23 14
562 + 119y + 216xy ~ 224z - 332y + 124=0; (25 25)
z+4=0,y+3=0, xy=8.

0. (p. 148)
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P. (p. 149)

1. z—8y+1=0, 3z+y—T=0; (11, 4) (—1, 10).
2. 8y*—2:'—bry=0. Twyo straight linee.

4. Equation y=5+£—0| 6-6; 40 ft. 5. 12 fs.
Q. (p. 149)
2 tan 48%%.
CHAPTER IX
Examples XXV. (p. 160)

2. @) mo=%, (ii.) rsin 64+4=0 (iii.) rem2 g

(iv.) 3 cos 26=21" (v.) # sin 20=12; (vi.) r=2 cos 8.
8. (L) y=ztanajy (ii.) (4 y3P=a?(z*—yt);

(iii.) 2z4-y=1; (iv.) 234y =ax-+by.

8. Take origin at end of a diameter r=2d cos 6.
7. Take line from point O to centre C as initial line. If OCmec
2
end radius =a, %—=r~‘+c’—2ro cos 6.
8. (i.) r=2 cosec 6; (i) r=2 sec 6.

10. x=a(cos 00 sin §), y=a(sin 6 —6 cos 6); ggztan 8.
L]

11, z(y3+a?)=da. 12. r=2cos 45 cos (¢ —45). Centra‘(;}—é, ;—r)

or in Cartesians 28—z 4 y3—y=0.

CHAPTER X
Examples XXVI. (p. 165)
1. V26, V21 2. 3, 5 VIS 8. V18, V46, V35.
4 cos::=71§, a=54°44’. 6. 60°% 6. In plane XOZ.
0 ’ o ’ o ’ 1 2 2
7. T7° 24, 115° 64’ 29° 12°. 8 3 —3 5

212: ’

0. 0, —, 5, 2 2+ 5
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Examples XXVII. (p. 169)
8- 1 2 1 =2 1

i, e, — | ——m, 2, —— 1 T0° B4,
Vie Vid Vii' V& V& Ve '
3, 2, 4, V13, V20, b. 3. 4 1, 2, V17, V5, V28
5 6
6. L, ——, ——, 34° 45’
VT Vit 1/"
5 11 4 41
(4 ) 1. (§ s 5) 8. 4 5 0.
L"’z_”“"l lyy—my, lz;—msz,
I—m ' l=m ' l—m
11 2
=, ——, —=. 65° 64’, 57° 57"
Ve Ve Ve
Examples XXVIO. (p. 176)
3y z * 6
25 —3y—z+46=0 - =,
y—2+t b= «/14 V14+V14 V14
r4+y+z=3. 8. br—Ty+11z+4=0.
64°37’, 106° 36, 31°, 69°.  b. Tz—6y+z=0; z—2y=0.
y—3:=0. 705 -3.2 8 (213)
20 o 1ar
—. . 2 . —3z=6
Vise 10. 653°18 11. 22—-3:=6:
67° 26". 18. z—2y+3z=5.
z+3y+r=2V11,
4r—4b6y—z+16=0 bz—Ty—13:420=0y b55° 18"
5  —17,-—13
Wilvs' 3
2 1 2 I .
-3-. —§, -—5. 17. 48° 59 H 82fﬁ.l 137-6.
4V3. 19. § ft.3 36° 52"

20—32=0) y—2z=0; doty+5:=24; 24+22=6; y4:r=4;
y-+z=4.
12-87 ft. A (12, 0, 10), B(Q 9, 10), O(0, 0, 8), C(17:2, 9, 12:87);
Szt4y—18r=144.
-8 8

9 == = =
3z+42y-62 6:3 3

Examples XXIX. (p. 182)
z2—2_y—3_z—1 9, ZTloy—=2 z4l1

l -1 2 1 1 1°
—2 y-—- z+l 4 _ 1 __5_
T Y UB Ve e

do
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5.
6.

10.
11.

12.

13.
15.

16.
18.

19.

1.

8.
7.

11.

18.
15.

CO-ORDINATE GEOMETRY
-3 _y—1_z-2 z+2 y_z-1 - 4 1)
RS TR 8, L 0) 0, 5 D).
—3 y—4 2—5
31°49°; 58°11° 7. 4. 8. ”T=L0_4="E____§.
. 5 3 . .
@ (-3 30) @ =ro -3 @ (o] )
(iv.) (29, 12, 21);  (v.) (155, 7%, 12).
z—1 y—1 z—5
5= 7 13 (1-97, —+35, 2+5).
z4+2 _ y+8 1456
B i St s
z__Yy_ €. z+l_y—4 =
2 9718 5T 7T T
863; 15° 54" 14, 133° 49,
1982 W., 152:3 &N., —325-6, 410-5 yds.; N. 52° 28" W.i.
37° 31,
(—5, —+5, 0). 17. (34, 73, 0) (0, 193, —10;,)
4 -8 =z_y_:-3 3 3
Syt+de= v34 V34 V34t 374 —3° 3¢ ~/34 ‘/34’
?-31;4___‘1
3T 4Ty
z—1_y+1 z—2 =z-—1 y+1 z2—2
At (L, =1, 2) =T =TT = Ty
x+lv3 4(y+ _r
3 T3 °r
Examples XXX. (p. 187)
7
__=255 2, 4dr—3y+z=0) —e.
V6 . y+e=0t Tz
z—3y+2z=l. 5. (0, 0) 6. by—2:=0.
120 9 10 ‘
r 8. *—‘=107
Vi My 3 Vi
3z —4y+Tz+13=0. 10. 25z —23y+2:=0.
z—6 y z—3
3x—y+2z-=l2j-_2\/ﬁ. 14. 3z—2y—6z+45m0,
————137

pyis

'
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. Examples XXXI. (p. 195)
206, y=4. 2. z=2; '+t +2t—4x—2y— 8z —12,
Sy-.y:l-bFO; 24 yd4 22 =16,
¥ —4x 4y 2 +2:=13.

Y2 =(mz+bf; (y—b)l=amd(z?4t).
Sphere, cylinder, cylinder.

Miscellaneous Exzamples

R. (p. 196)

12. 2. z=4, 3y—b62=0] y=b, 3x—4z=03; 72° 1.
6z -+ 8y-+12:=61. 4 6x+42y—4z=8. 6. V6l
8. (p. 196)

!2 z—1 y+2=z-—3 ° ’
7 2. —_3 l=——~5 —_2l £20 58’.

(70, —70, 99) (70, —70, —17), (70, 263, 99), (70, 263, —17)}
=179, z=99; 38,000.

22+ 3y + 62=49.
T. (p. 197)
13 16 14 15
5 5,.»-) 5,6,7. 2 —=, —=, ——=. 8. 45°5.
( S ) 667 Vo1 veir veii
3
—56%4+20=0; ab =20, 5 3.
S b ebover SVae
U. (p. 197)
22— 4y + 5rm0. 2. 2zty=1T; 4y (35?, ?51) 36° 42",
9 3 —20 1 2v3 23 Wor
=, —, ——3 o =y IS, te—, 28=5‘29~
V490" V490" /490 7 V28 v28

10) y42:=14) z—2z4 14m=0.















